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1 Introduction to Riemann Surfaces

In this course, we will study two main topics:
1. Introduction to Riemann surfaces.

2. Introduction to several complex variables.

1.1 Complex charts and atlases

Definition 1.1. Let X be a Hasudorff topological space. A complex chart on X is a
homeomorphism ¢ : U — V', where U C X and V' C C are open. Two charts ¢ : Uy — V1
and 9 : Us — Vh are called compatible if Uy NUs; = @ or the transition map - o (pl_l :
©1(U; NUy) — 2(Up N Usy) is holomorphic. A complex atlas on X is a collection of
pairwise compatible charts {¢q : Uy — Va}aea such that X = J 4 Ua.

Remark 1.1. It follows that @9 o @fl is a holomorphic diffeomorphism.

Proposition 1.1. Let &7 = {p, : Uy — Vo} be a complex atlas for X. The collection
o ={p:U—=V:pisachart on X,p and p, are compatible Va} is a complex atlas for
X, o C 4, and this atlas is maximal. If of C B, then B C o/

ngé We only need to check that sz/f\is an atlas. Let ¢y : Uy — Vi, o : Us — V5 be charts
in 7, and check that (9 o gol_l is holomorphic: Let z € ¢1(U; NUz) and let ¢4 : Uy — Vy
be a chart in .« such that p;'(2) € U,. Then ¢1(U; N Uy NU,) is a neighborhood of z,
and 9 o 301_1:

[¢] -1 o —1
1(Ur N U NUL) 2222 00 (Uy N U, N U) 22222 00 (Ur N U N UL)

is holomorphic. O
Remark 1.2. An atlas of the form sa/f\ is called maximal.

Definition 1.2. We say that atlases & = {¢q : Us = Vo}, % = {gj : Uy — V;} are
equivalent if p,, go’ﬂ are compatible for all «, 3.

Remark 1.3. &7 is equivalent to 4 iff o =B

1.2 Riemann surfaces

Definition 1.3. A complex structure on X is given by a maximal atlas on X. A
Riemann surface is a connected, Hausdorff topological space equipped with a complex
structure.



Example 1.1. Let Q C C be open and connected. Then 2 is a Riemann surface when
equipped with the atlas {1: Q — Q}.

Example 1.2. The Riemann sphere @U{oo} with the usual topology is a Riemann surface.
Let Uy = C, Uz = C\ {0} be open, and define the charts ¢; : Uy — C sending z — z and
g : Uy — C send

0 Z = 0.

orl2) = {1/2 zeC\ {0}

To check compatibility, p2 0 ;! (2) = 1/2 as a function from C\ {0} — C\ {0}. The atlas
(cpj, Uj) j=1,2 gives rise to a Riemann surface structure on C.

Example 1.3 (complex tori). Let ej, e € C be R-linearly independent, and let A be the
lattice A = {me; + nez : m,n € Z} C C. We have the equivalence relation z ~ w if
z—w € A and let C/A = z+ A: z € C} be the collection of equivalence classes. We have
the projection map m : C — C/A sending z — z + A. We equip C/A with the strongest
topology such that 7 is continuous: O C C/A is open if 771(0O) C C is open. Then C/A is
connected and compact. Compactness follows from C/A = w({te; + se2 : 0 <t,s < 1}).

We claim that 7 is an open map. Let V' C C be open. Then w(V) C C/A is open iff
71 (m(V)) C Cis open. Thisis 7 1(n(V)) ={z € C:n(z) e n(V)} = Ucea(C+ V).

We need complex charts on C/A: Let V' C C be open such that no 2 distinct points of V'
are equivalent under A. Then 7|y : V — (V) = U is a homeomorphism, and ¢ = (7))~}
is a chart.



2 Holomorphic Curves in C? and Holomorphic Functions on
Riemann Surfaces

2.1 Holomorphic curves in C?
Last time, we were discussing complex tori.

Example 2.1 (complex tori). We have X = C/A, where A is a lattice. We have a
natural quotient map 7 : C — C/A. Let Vi, V5 be the images of two charts ¢; : U; — V;,
i =1,2. Consider pg 0y (2) =: ¥(z). Then for z € 1 (U NUa), v, (1(2)) = 7|y, (2), so
¥(z) —z € A. Since A is discrete, ¥(z) — z is locally constant. So it is holomorphic.

Here is another natural example of a Riemann surface.

Example 2.2 (holomorphic curves in C* = CZ ). Let 2 C C? be open, and let f € Hol(Q);

that is, f € C*(Q), and f(z,w) is separately holomorphic: z + f(z,w) is holomorphic for

all w and w — f(z,w) is holomorphic for all z. We have the Cauchy-Riemann equations
gi(z,w) =0, gj;(z, w) = 0.

Assume that (g—ﬁ, g—i) # 0 for all (z,w) € f~1({0}).

We claim that X = f~1({0}) is a (possibly disconnected) Riemann surface. Let
(z0,wo) € X. If fI (20, wp) # 0, then by the holomorphic implicit function theorem (which
we will prove), there exist an open neighborhood V' C C? of (zg,wp), 20 € U C C, and
g € Hol(U) such that X NV = {(z,9(2)) : z € U}. So the projection 7, : X NV — U
sending (z,w) + z is a chart. Similarly, if f.(zo,wo) # 0, we have locally near (zq,wp):
XNV = {(h(w),w)}, where h is holomorphic. So the projection m, : X NV — Cis a
chart. Compatibility of charts is the following diagram:

X =5 U,

WzJV /
Trwo7r;1
U.

Theorem 2.1 (holomorphic implicit function theorem). Let f(z,w) : C> — C be holo-
morphic near (0,0) € C? with f'(a,b) # 0. Then f = 0 determines a holomorphic map
¢ : C — C in a neighborhood of (a,b).

Proof. Let f(z,w) be holomorphic near (0,0) € C? with f(0,0) = 0 and f/,(0,0) # 0.
Choose r > 0 so that w — f(0,w) is holomorphic when |w| < 2r and f(0,w) # 0 when
0 < |w| < 2r. Then choose ¢ > 0 such that f is holomorphic when |w| < 3r/2, |z] < § and
such that f(z,w) # 0 when |w| =r, |z| < J. By the argument principle, for |z| < §,

1

{w € D(0,7) : f(z,w) =0} = 2m/| _ mdw’



where the right hand side is holomorphic in z. So for all z with |z| < §, the equation
f(z,w) = 0 has exactly 1 root w = w(z) in D(0,r). Write

w(z) = 1 wfl’u(z,w)d

=5 w, |z| <6
2mi |lw|=r f(z,w)

by the residue theorem. O

2.2 Holomorphic functions on Riemann surfaces

Definition 2.1. Let X be a Riemann surface equipped with an atlas {¢, : Uy — V,}. We
say that f : X — C is holomorphic if for all a, f o ¢! € Hol(V,,). Let Y be a Riemann
surface equipped with an atlas {cp’ﬁ U é — Vé} A continuous map f : X — Y is called
holomorphic if for all a, 8, ¢js0 f o ol @a(f_l(Ué) N Uq) — Vj is holomorphic.

Theorem 2.2. Let X,Y be Riemann surfaces, and let f; € Hol(X,Y), j = 1,2. Assume
that there exists A C X with a limit point a € X such that f1 = fo on A. Then f1 = fo.

Proof. (Sketch) Use the connectedness of the Riemann surfaces to transplant the corre-
sponding result from complex analysis. O

Proposition 2.1 (local normal form for f € Hol(X,Y)). Let X,Y be Riemann surfaces,
and let f; € Hol(X,Y') be non-constant. Let a € X. Then there exist complex charts
0:U—=VonXwithaeU, pla) =0andp: U — V;onY with f(a) € U', ¢(f(a)) =0,
U C f~YU’) such that the holomorphic function

F=vofop : V-V
is of the form F(z) = ¥ for some k € NT.
Remark 2.1. The integer k is independent is independent of the charts.

Proof. Take any charts o, ¢ centered at a, f(a). Then F(z) = (ofop1)(z) € Hol(neigh(0, C)),
and F(0) = 0. So F(z) = z¥g(z), where g is holomorphic and non-vanishing. In a simply
connected neighborhood of 0, there exists a holomorphic function A # 0 such that g = h¥.
The map x(z) = zh(z) is a holomorphic diffeomorphism from neigh(0, C) — neigh(0, C) by

the inverse function theorem. Replace ¢ by ko ¢, we get [tho fo (ko p)7l(z) =2F. O

We will discuss the integer k£ more next time.



3 Open Mapping, Maximum Principle, Covering Spaces, and
Lifts

3.1 The open mapping and the maximum principle

Last time, we showed a local normal form for holomorphic functions:

Proposition 3.1 (local normal form for f € Hol(X,Y)). Let X,Y be Riemann surfaces,
and let f; € Hol(X,Y) be non-constant. Let a € X. Then there exist complex charts
0:U—=V onX withaeU, pla)=0and : U — V; onY with f(a) € U, ¥(f(a)) =0,
U C f~1(U’) such that the holomorphic function

F=vofop : V-V

is of the form F(z) = 2* for some k € NT. The integer k is independent of the choice of
charts.

Definition 3.1. The integer k£ is sometimes called the multiplicity of f at a. If k£ =
k(a) > 1, then a is called a ramification point.

Corollary 3.1. f € Hol(X,Y) has no ramification points if and only if f is a local home-
omorphism.

Proof. For any x € X, there is a neighborhood U C X such that f : U — f(U) is a
homeomorphism. O

Corollary 3.2 (open mapping theorem). Let f € Hol(X,Y) be non-constant. Then f is
open.

Corollary 3.3 (maximum principle). Let f € Hol(X, C) be non-constant. Then x — |f(x)]
does not attain its maximum.

Proof. If sup,cx |f(z)| = |f(a)| for some a, then f(X) C {|z| < |f(a)|}. f(X) is open, so
F(X) S A{lz[ > fla)}. [

Remark 3.1. In particular, every holomorphic function on a compact Riemann surface is
constant.

3.2 Covering spaces and lifts of mappings

Proposition 3.2. Let X be a Riemann surface, and let Y be a Hausdorff space with a
local homeomorphism p: Y — X. There exists a unique complex structure on'Y such that
p:Y — X is holomorphic.



Proof. Existence: Let ¢ : U — V be a chart on X such that p : p~5(U) — U is a
homeomorphism. Then pop:p~'(U) — V is a complex chart on Y. These charts define
an atlas. Then p is holomorphic. ]

Let XY, Z be Hausdorff spaces, let p : Y — X be a local homeomorphism, and let
f:+Z — X be continuous. We want a lift g: Z — Y of f such that pog = f.

Y

Pt
27 e

-,

Z T> X
Proposition 3.3 (uniqueness of lifts). Assume that Z is connected. If g1, go are lifts of f
with g1(z0) = g2(22), then g1 = ga.

Proof. Let A = {z € Z : gi(z) = g2(2)} be closed, and let zyp € A. A is open: Let
z € A, y € gi(z). Then there exists a neighborhood V of y such that p : V. — p(V) is a
homeomorphism. Let W be a neighborhood of z such that g;(w) C V, j = 1,2. When
2 e W, p(g1(2")) = p(g2(2)); p is injective, so g1 = g2 on W. O

Remark 3.2. Assume that X,Y,Z are Riemann surfaces with both p and f holomor-
phic. Let f:Z — Y be a lift of f. Then f is holomorphic: po =f, where p is a local
biholomorphism, so we can locally invert it to get holomorphy of f.

Definition 3.2. Let X,Y be topological spaces. A continuous map p : ¥ — X is a
covering map if for all x € X, there is a neighborhood U C X such that p~1(U) is of
the form p~'(U) = Urex Vi, where the Vj are open, disjoint, and ply, : Vi — U is a
homeomorphism for all k. We say that U is evenly covered by p.

Example 3.1. The function C — C\ {0} given by z — €* is a covering map.
Example 3.2. Let A be a lattice in C. The projection map C — C/A is a covering map.

Theorem 3.1. Let p : Y — X be a covering map, and let v : [0,1] — X be a curve
(continuous map) in X. Then for any y € p~1(v(0)), there is a unique lift 5 of v with

7(0) = y.
Y
5
2
0,1] —— X
Proof. Consider the open cover of [0,1] by sets of the form v~1(U), where U C X is

(
evenly covered. There exists a partition 0 = tg < t; < --- < t, = 1 and open sets
Uex C X, 1 < k < n evenly covered by p such that v([tx_1,tx]) C Uy for all k (use

10



the existence of a Lebesgue number of the cover). Arguing inductively, assume that we
have already constructed a lift 4 of [0,%;_1], where & > 1. We have that po 4 = 7 on
[0,t5_1]. In particular, (tx_1) € p~1(Uy) = U; Vi;- So 4(tk—i) € Vi, for some j. We set
A(t) = (p’Vk]->_1 o (y(t)) for tj—1 <t < ty,s thus lifting ¥ defined on [0, ¢]. The uniqueness
follows. O

Next time, we will show the existence of universal covering spaces that are simply
connected. Eventually, we will show that there are only three such simply connected
Riemann surfaces.

11



4 Lifting of Homotopic Curves and Existence of Lifts

4.1 Lifting of homotopic curves

Last time we introduced the idea of a covering map p: Y — X. It has the following path
lifting property:
Y

5 l
AT

0,1] —— X

Remark 4.1. If X is path-connected (ok for Riemann surfaces), then p : ¥ — X is
surjective: Let zg,77 € X, and let v be a path joining o, z1. Then for any y € p~!(zo),
there eis a unique lift 4]0, 1] — Y such that 4(0) = y and J(1) € p'(x1). This gives rise to
a bijection p~!(x¢) — p~!(x1). Moreover, the cardinality of p~!(x) is constant.

Theorem 4.1 (lifting of homotopy curves'). Let X,Y be Hausdorff, and let p : Y — X
be a local homeomorphism. Let a,b € X, and let 0,71 : [0,1] — X be paths joining a to
b that are homotopic. There exists a continuous deformation H(t,s) : [0,1] x [0,1] — X
such that H(t,0) = vo(t), H(t,1) = v1(t), H(0,s) = a, and H(1,s) = b.

Let v5(t) = H(t,s). Let a1 € p~*(a), and assume that each ~s has a lift 75 to y such
that 75(0) = a1. Then 79 and 71 are homotopic and have the same endpoint.?

Proof. Set H(t,s) = As(t) for 0 < t,s < 1. Let us show first that H is continuous. We
claim that there exists some g9 > 0 such that H(t,s) is continuous on [0, o] x [0,1]. We
have H({0} x [0,1]) = {a}. Let V C Y,U C X be neighborhoods of a; and a such that
ply : V. — U is a homeomorphism. By compactness of [0,1] and continuity of H, there
exists eg > 0 such that H([0,&0] x [0,1]) € U. Let ¢ = (ply)~! : U — V. The curve
[0,e0] 2 t — p(7s(t)) is a lift of 75 on [0,e0], 0 < s < 1, and by the uniqueness of lifts,

o(7s(t)) = As(t) = H(t,s) on 0 <t < gyg. We get the claim.

We now claim that H is continuous on [0,1] x [0,1]. Assume that the claim fails, and
let (tg,0) be a point of discontinuity of H. Let 7 = inf{t : H is not continuous at (t,o)}.
Then 0 < e < 7. Let # = H(7,0) and y = (7,0); that is, t = 7,(t), so y € p~!(x). Let
V,U be neighborhoods of y and z such that p|y : V' — U is a homeomorphism, and let
¢ = (p|lv)~!. By continuity of H, there exists ¢ > 0 such that H(I.(7), I.(c)) C U, where
I.(7) is a neighborhood of 7 and I (o) is a neighborhood of . In particular, v,(I.(7)) C U.
We can also assume that 7,(l:(7)) € V. We get 9,(t) = @(75(t)) for t € I.(r). Let
t1 € I.(1) with t; < 7. Then H is continuous at (t;,0), so there is a neighborhood I5(o)
of o with § < e such that H(t,s) € V for s € I5(c). Now t — 7,(t) and t — @(7s(t))

for t € I.(7) are both lifts of vs(¢), and by the uniqueness of lifts, ¥5(t) = ¢(ys(¢)). In

LThis theorem is sometimes called the abstract monodromy theorem.
2Professor Hitrik says “some theorems may not be meant to be discussed in public.’
proof of this, you may agree.

2

After seeing the

12



particular, H is continuous in a neighborhood of (7,0), which contradicts the definition of
7. We get that H is continuous on [0, 1] x [0, 1].

We also need to check that s — 74(1) is constant. This is continuous and lifts the
constant path s — b. By the uniqueness of lifts, 75(1) = 70(1) € p~1(b). O
4.2 Existence of lifts

Theorem 4.2 (existence of lifts). Let X,Y be Hausdorff spaces, and let p: Y — X be a
covering map. Let Z be a Riemann surface which is simply connected, and let f : Z — X

be continuous. For any xo € Z and yo € Y such that f(20) = p(yo), there is a unique lift
f:Z =Y such that f(z0) = yo-

We will prove this next time. First, here are examples.

Example 4.1. Let Y = C and X = C\ {0}. Then p(z) = €* is a covering map. If
f € Hol(Z) is nonvanishing, then there exists a holomorphic lift f such that e/ = f.

Example 4.2 (Picard’s little theorem). Let f € Hol(C) and 0,1 ¢ f(C). Then f :
C\ {0,1}. We shall show that the disc D covers C\ {0,1}:

(C/TMC\{O,l}

Then f : C — D is constant, as it is bounded and entire. So f is constant.

13



5 Existence of Lifts, Germs, and Analytic Continuation

5.1 Existence of lifts

Theorem 5.1 (existence of lifts). Let X,Y be Hausdorff spaces, and let p: Y — X be a
covering map. Let Z be a Riemann surface which is simply connected, and let f : Z — X
be continuous. For any zo € Z and yo € Y such that f(z0) = p(yo), there is a unique lift

f:Z =Y such that f(z0) = yo.
Y
P
7 lp
X

7

Proof. Let z € Z, and let v be a path in Z connecting zg to z. Then « : f o~ is a path
in X from f(z0) to f(z). Let & be the unique lift of a starting with &(0) = y. Define
f(2) = @(1). This does not depend on the choice of ~: this follows as Z is simply connected,
using the homotopy lifting lemma. Now p o f = f, so f is a lift of f.

We need to check the continuity of f. Let z € Z, let y = f(2), and let V,U be
neighborhoods of y, p(y), respectively such that p|y : V' — U is a homeomorphism; y € V'
and f(z) € U. f is continuous, so there exists a neighborhood W of z which is path-
connected such that f(W) C U. We claim that f(W) C W; this will show the continuity
of f. Let 2/ € W, and let 4/ be a curve in W from z to 2. Let v and a = f o~ be as
before. Then o/ = fo~' € U, so & sending ¢t — (p|y)(c/(t)) is a lift of o/ starting at y.
The product curve

1

N~

S d(l) = a(2t) 0<t<1/2
axait) = a@2t—1) 1/2<t<1

is a lift of @ x o’ = f(y* 7). The curve %4/ starts at zy and ends at z’. By definition,
f(Z)y=axd' (1) =a&'(1) € V, where V is a small neighborhood of y = f(z). O

5.2 Germs of holomorphic functions

Definition 5.1. Let X be a Riemann surface, and let a € X. If f, g are holomorphic near
a, we say that f and g are equivalent if there exists a neighborhood W of a such that
flw = glw. The equivalence class of f, denoted by f, is called the germ of f at a. We
let O, denote the space of holomorphic germs at a.

Remark 5.1. O, is an algebra (in particular a ring) with no zero divisors.

Let Ox = [[,cx Oa- Equip Ox with the following topology. Let w € X be open, and
let f € Hol(w). Set N(f,w) = {fs € Oy : x € w} C Ox. The class of set N(f,w) is a
base for a topology on Ox, where the open sets are all unions of sets of the form N(f,w).
If f/ € Hol(w'), f"” € Hol(w"), then N(f",w') N N(f",w) = N(f,w) = N(f”,w), where
w={zew Nuw": fl = f}is open.

14



Definition 5.2. The topological space Ox is called the sheaf of germs of holomorphic
functions on X.

We have the natural map p: Ox — X sending f, — a.
Proposition 5.1. p is a local homeomorphism.

Proof. Let f, € Ox, and let (f,w) be a representative of f,. Then p: N(f,w) - w is a
homeomorphism. O

Remark 5.2. This means that we can given Ox the structure of a Riemann surface.
However, this is not a covering map.

Proposition 5.2. The topological space Ox is Hausdorff.

Proof. Let fo,gp € Ox with f, # gp. If a # b, there exist representatives (f,w,), (g, wp)
with w, Nwp = @ such that N(f,ws) N N(g,wp) = @. If a = b and f, # ga, then
there exists a connected neighborhood w of a and representatives f(f,w), (g,w) such that
N(f,w)N N(g,w) =& by analytic continuation. O

5.3 Analytic continuation

Definition 5.3. Let a € X, f, € Oq, and let y be a curve in X starting at a. The analytic
continuation of f, along v is a lift 5 : [0,1] — Ox of v such that 5(0) = f,.

We write () = fy) € Oy)-
Remark 5.3. The analytic continuation, if it exists, is unique (uniqueness of lifts).

Example 5.1. It is not always possible to find an analytic continuation. Let ~(t) = ¢ for
0<t<1,andlet f(z) =1/(1 — z) near 0. Then f cannot be analytically continued along
the curve 7.

15



6 The Monodromy Theorem and Application to Linear ODE

6.1 The monodromy theorem

Last time, we introduced the notion of analytic continuation. If a € X, and f, € O, then
an analytic continuation along some curve v : [0,1] — X is a lift 4 to the sheaf of germs
such that for all t € [0,1], () = fy@) € Oy), and t = f, (4 is continuous.

Ox

5 pat
7/ lp

-,

Z — X
That is, for all ¢y € [0, 1], there is a neighborhood Iy, C [0, 1] of tp and an open set w C X
such that v(I;,) C w, and f € Hol(w): fy) = fy) for all t € Iy,.

Theorem 6.1 (monodromy theorem). Let X be a Riemann surface, let a,b € X, and let
70,71 be homotopic curves from a to b. Let f, € O,. Let H(t,s) be a homotopy between
and 71, and assume that fq has an analytic continuation 55 along vs(t) = H(t,s) for all s.
Then s — ~vs(1) € Oy are equal for all s. In particular, Yo(1) = 41(1).

Proof. Apply the homotopy lifting theorem to the local homeomorphism p: Ox — X. O

Corollary 6.1. Let X be a simply connected Riemann surface, and leta € X. Let f, € O,.
be a holomorphic germ which can be continued along any curve starting at a. Then there
exists a unique globally defined holomorphic function F € Hol(X) such that Fy, = f, in O,.

Proof. When = € X, let v be a path from a to x, and let f, € O, be the analytic
continuation of f, along v (f; is independent of the choice of ). Define F(z) = f,(x). O

6.2 Linear ODE in the complex domain

Here is the historical origin of the idea of monodromy. This will be a good example of the
applications of our theory.

Proposition 6.1. Let Q C C be open, and let A € Hol(Q2, Mat,,«,,(C)). Let Q be simply
connected. Then for all zg € Q and xg € C™, then Cauchy problem

v'(z) = A(2)z(2),  (20) = w0
has a unique solution x(z) € Hol(£2,C")
Proof. (idea) Write
o) =0+ [ AWQa(C) de
v

20,2

and solve the integral equation by Picard’s iterations. O
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Assume now that = {0 < |z| < 1} is not simply connected. We have the covering
map €S : {Re(¢) < 0} — {0 < |z| < 1}, and we can lift the ODE to {Re(¢) < 0}. If we let
y(¢) = z(e%), then

y'(Q) = A() y(Q).

——

2mi-periodic
We argue more directly: Let w C €2 be a small, simply connected neighborhood of zg €
{0 < |z| < 1}, and let V(w) {z(2) € Hol(w,C™) : 2/(z) = A(z)z(z) in w}. This
is an n-dimensional vector space. We can continue elements of V(w) analytically: let
' ={ze€ Vo < arg(z) < f} witha <0, >m, and I'y O w. Then V(I'1) is the set
of solutions to the ODE in I';. We have the extension map E : V(w) — V(I';). We then
restrict to a domain w’ on the other side of the disc, extend to another sector I's, and
restrict to w. We get a linear bijective map S : V(w) — V(w) called the monodromy
map of this ODE.

Let 1,...,x, be a basis for V(w), and let F(z) = [21(z) -+ xn(z)] be the funda-
mental matrix with columns x;. Write

Siy(z) = 3 Ssan(2).
k

If we denote z1(2¢*™) = Sz;(z), we get
F(2e*™) = F(2)A

for 2 € w. We claim that there exists a matrix C' such that F(z) = Q(2)z in w, where
Q(z) € Hol(0 < |z| < 1) and 2¢ = e“1°8(*), To get the claim, we write S = e?7iC and
check that Q(z) satisfies Q(ze?™) = Q(z).

6.3 Analytic continuation to larger Riemann surfaces

Let X be a Riemann surface, and let ¢ € O, for some a € X. We would like to construct
a new Riemann surface which arises by analytic continuation of ¢.

Definition 6.1. An analytic continuation of ¢ is given by (Y,p, f,b), where YV is a
Riemann surface, p : ¥ — X is holomorphic with no ramification points, f € Hol(Y),
b€ pt(a), and f, = p*(¢). Here, p* is the pullback map p*(¢) = p o p.

17



7 Maximal Analytic Continuation and Analytic Functionals

7.1 Maximal analytic continuation

Let X,Y be Riemann surfaces, and let p : Y — X be holomorphic with no ramification
points. Then p is a local biolomorphism, and the pullback map p* : Ox ) — Oy sending
f+— fopisan isomorphism with inverse p,. Let ¢ € Ox , for some a € X.

Definition 7.1. An analytic continuation of ¢ is given by (Y, p, f,b), where p: Y — X
is holomorphic and unramified, f € Hol(Y), b € p~!(a), and p.(fy) = ¢.

Definition 7.2. An analytic continuation is maximal if the following property holds: if
(Z,q,g,c) is another continuation of ¢, then there exists a holomorphic map F': Z — Y
which is fiber preserving (p o F' = q) such that F'(¢) =band F*f = g.

Theorem 7.1. Let X be a Riemann surface, ¢ € Ox . Then there exists a maximal
analytic continuation (Y, p, f,b) of ¢.

Remark 7.1. One can show that this is unique up to holomorphic diffeomorphism, but
we will not do that here.

Lemma 7.1. Let (Y,p, f,b) be an analytic continuation of p. Let v :[0,1] =Y be a path
inY frombtoy €Y. Then the germ v = p.(fy,) € Ox p) is an analytic continuation of
@ along the path pory.

Proof. Set @1 = p«(fy@w) € Oppyy) for all 0 < ¢t < 1. Then ¢g = ¢, and ¢, = .
We need to check that [0,1] — Ox sending ¢ — ¢ is continuous. Let ¢ty € [0,1]. Then
there exist neighborhoods V' C Y of v(tp) and U C X of p(v(to)) such that p|ly : V]toU
is a holomorphic bijection. Let g = fo ((ply)™") € Hol(U). Then p.(f.) = gy for all
z € V. We can find a neighborhood Iy, of ¢y such that v(I,) C V. Then for every t € I,,
Pt = Gp(~(1))- Thus, ¥ is an analytic continuation of ¢ along p o 7. O

Now let’s prove the theorem.

Proof. Let Y be the connected component in Ox containing ¢. Then Y C Ox is open
(since Ox is locally connected), and the map p = p|y is a local homeomorphism ¥ — X.
There exists a unique complex structure on Y such that p : ¥ — X is holomorphic. Let
¢ €Y. Then ( is a germ of a holomorphic function on X at p(¢). Define f(¢) = {(p(Q)).
Then f € Hol(Y), and if b = ¢, then b € p~1(a) and p.(fy) = ¢

Let us check the maximality of (Y,p, f,b). Let (Z,q,g,c) be an analytic continuation
of ¢. Let z € Z and z = q(z). The germ ¢.(g.) € Ox , arises by analytic continuation of ¢
along a curve from a to x in X. Thus, there exists a unique 1 € Y such that ¢.(g.) = .
We get a map F : Z — Y sending z — v, and it follows that (Y, p, f,b) is maximal. O

18



7.2 Analytic functionals and the Fourier-Laplace transform

Definition 7.3. We say that a linear map p : Hol(C) — C is an analytic functional if
it is continuous in the following sense: there exist a compact K C C and constant C' > 0
such that |u(f)] < Csupg | f] for all f € Hol(C).

Remark 7.2. By the Hahn-Banach theorem, 1 can be extended to a linear continuous
functional on C'(K). Then there exists a measure v on K such that u(f) = [ f(2) v(2)
for f € Hol(C).

Example 7.1. Let v : [0,1] — C be a C' path, and define the functional u(f) =
fv f(z)dz = fol F(y(t)Y'(t) dt. p does not change if v if replaced by a homotopic path. So
the representing measure need not be unique.

Example 7.2. Let u(f) = f9(0) for j > 0 is an analytic functional.

Definition 7.4. A compact set K C C is called a carrier for the analytic functional p if
for every open neighborhood w of K, there is a constant C,, such that |u(f)| < C,, sup,, |f|
for f € Hol(C).

Remark 7.3. The first example shows that carriers need not be unique, either.

Definition 7.5. The Fourier-Lapclace transform 7 of u is defined by

a¢) = p=(e*),  ¢eC.

We have that 1 is entire (by its description as integration of this function against a
measure).

Proposition 7.1. The map u +— [i is injective.

Proof. If i(¢) = 0 for all ¢, then 0 = 82/?](:0 = u(z?) for all j. In particular, for any
polynomial p, p(p) = 0. Polynomials are dense in Hol(C), so u(f) = 0 for all f € Hol(C).
That is, u(f) = 0. O
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8 Inversion of the Fourier-Laplace Transform

8.1 Bounds on analytic functionals

Last time, we were talking about analytic functionals p : Hol(C) — C. We defined the
Fourier-Laplace transform 71(¢) = p.(e*), z € C. Assume that u is carried by the compact
set K C C: for all neighborhoods w of K,

()l < Cusup|f],  f € Hol(C).
So there exists a measure v on w such that
u() = [ 1) dvca).

So we get the bound

ZEW w

Q)] < exp(supRe(z0)) / du2).

Ir follows that for any § > 0, there is a constant Cy such that

11(¢)| < Cs exp(Hk () + 6(¢]), ¢eC,

where

Hp (¢) = sup Re(2()
zeK

is the support function of K. Hy is a convex, positively homogeneous of ¢ € C = R2.
In particular, iz is entire of order 1 and of exponential type:

B(Q)] < Ceel.

Proposition 8.1. Let K be compact and conver with the support function Hg. Then
K ={z€ C:Re(2() < Hk(¢) V¢ € C}.

Proof. (C): This inclusion is by definition of Hy.

(D): Let zp ¢ K. By the geometric Hahn-Banach theorem, there exists a hyperplane
separating K and zg. That is, there exists a real, linear form f on R? and v € R such
that f(z) < v < f(z0) for any z € K. There is a ( € C such that f(z) = Re(z(), so
HK(C) <Re(2()<). O

To summarize, if 41 is carried by a compact K, then its transform M(({) = j1(() is entire
and satisfies: for all § > 0, there exists a Cy such that

IM(Q)] < Cs exp(Hg (€) + 6[¢])-
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8.2 Inversion of the Fourier-Laplace transform

Theorem 8.1 (Polya, Ehrenpreis, Martineau®). Let K C C be compact and convez, and
let M € Hol(C) be such that

IM(Q)] < Cs exp(Hg (€) + 6[¢])-

Then there exists a unique analytic functional p such that = M and p is carried by K.

Proof. Idea: Construct the analytic functional y using the Borel transform of M. In
particular, the estimate on M gives

IM(Q)] < Cree]
for some C1,C. When R > 0, we have

M (0) 1/ M(C)
=R

A ami Jgg ot

which gives '
MW < j1C1eRR™

The optimal choice of R is given by R = j/C. So we get
. O\ ,
MY (0)] < j1Cye! <]> <Ci(Ce),  j=0,1,2,....

Define -
B(¢) =Y _¢7'M9D(0).
j=0

Then B € Hol(C \ {|¢| < Ce}), and B(co) = 0. Then function B is called the Borel
transform of M.
Let x € C§°(C) be such that y =1 on a large disc, and define

1

ur) =~ [ [ 0802,

where A is Lebesgue measure in C. Then p is an analytic functional which is independent
of the choice of x. We claim first that 1 = M: compute

A9 (0) = (&)

3Polya proved the theorem in complex dimension 1. Ehrenpreis and Martineau generalized it to C" for
n > 1.
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When k = 7, the summand is
MO0 (-1 [[Fozano)
=1

by the Cauchy integral formula. When j # k, it equals

i g’g@w aA(Q),

where v # —1. We can choose x(¢) = ¥(|¢|?) (making it radially symmetric to get:

// ¥ (IC2)erH dA(C) = // G| e Dy g d = 0.

We get i) (0) = MU (0). So fi = M as their Taylor expansions agree.
We claim that B can be continued analyrically to C\ K. We will do this next time. [
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9 Polya’s Theorem and Universal Covering Spaces

9.1 Polya’s theorem (cont.)

Last time, we were proving Polya’s theorem. Let’s finish the proof.

Theorem 9.1 (Polya, Ehrenpreis, Martineau). Let K C C be compact and convez, and
let M € Hol(C) be such that

IM(Q)] < Cs exp(Hg (€) + 6[C]).

Then there exists a unique analytic functional p such that @t = M and p is carried by K.

Proof. Set 5
uh =~ [ Gorsan,

where x € C§°(C) is 1 on a large disc and B is the Borel transform of M. We claim that
B can be extended analytically to ¢ \ K. First, if the claim holds, p is carried by K: for
any neighborhood w of K, we can choose x € C§°(w) such that x = 1 in a neighborhood
of K.

Proof of claim: Let w € C with |w| =1, and let

B, (€) :/ M (tw)we™ "™ dt.
0
We have

IM(tw)e ™| < Csexp(tHp (w) + 0t — t Re(w()).

Let IT,, = {¢ € C : Re(w() > Hg(w)}. It follows that B, € Hol(Il,). When ( € C
is such that w( is real and > 0, then we can compute B, ({) by expanding M(tw) =
Z;’;OM(j)(O)(tw)j /j! as a Taylor series and integrating term by term. In general, if
f € Hol(J]z] < R) and |f| < M, then Cauchy’s estimates give

n—1 ) ‘ 00 ) A "
1) - Y L <ZWW<M<|;’> 1—\1zy/R
j=n

so integrating the Taylor series term by term is justified.
We get

ad () A 0
Bu(¢) =) M;_!(O)uﬂ“ /O the="C dt = B(C)

=j!(w¢)=G+D)

J=0
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for any w. It follows that for any wi, wa, By, , By, coincide in the region 1L, N1L,,, for they
are both equal to B far away. We get a well-defined holomorphic function on U\w\:l I,
which analytically continues B. Now

U I, = {¢ € C: Hy(w) < Re(w() for some w} =C\ K,
|w|=1

as we checked that K = {¢ : Re(z2() < Hg(z) Vz € C}. O

Remark 9.1. Let pu be an analytic functional. Then there is a compact set K C C and a
measure v on K such that

u(f) = /K f(2) dv(2).

By Cauchy’s integral formula,

t0 - [[ 2oL aw, ek

(—=z

where x € C§° equals 1 in a neighorhood of K. Then

uth = [[ 0L Le0 i),

where

PO = [ o aue) eHolC\K)
and at oo,

=% gt ([ aa)) = B0)

—_——
=p(z7)

So it is natural to look for this kind of representation of an analytic functional.

9.2 Universal covering spaces

Theorem 9.2. Let X be a connected topological manifold. Then there exists a simply
connected manifold X and a covering map p: X — X.

Remark 9.2. If p : X — X and P X - X are covering maps and X,X are simply
connected, then there is a homeomorphism f : X — X such that po f = p.

Proof. Let zp € C, and let m(xg,x) be the set of homotopy classes of paths from z¢ to
z. Define X = {(2,I') : 2 € X,I" € m(x0,7)}. Define the following topology on X: Let
(z,I') € X, and let U be a path-connected and simply connected neighborhood of X.
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Define (U, T') = {(y,T") : y € U,A = [y xa|," = [7],a from = to y}. Use the sets (U,I") as
a base for a topology on X.

Let p: X — X send (z,T') — x. We claim that p is a covering map. Let x € X, and
let U be a path-connected and simply connected neighborhood of x. Then

)= U (W,
plafo])=

where o is a path from x to z. If [0] # [7], then (U, [o]) # (U, [7]): if (y,[7]) € (U, [o]) N
(U, []), then there are paths «, 8 in U from x to y such that [y] = [0 x a] = [T * f]; a and
S are homotopic, so [o] = [7].

One checks that p is continuous and open. Let us see that p : (U, [¢]) — U is bijective:

e surjective: U is path-connected. p is injective:

e injective: Suppose (v, [7]) = p(y,[y]). Then there are paths «, 8 from z to y such
that [7] = [0 * ] and [y] = [0 * f]. @ and [ are homotopic, so [7] = [7].

We have checked that p : X — X is a covering map.
It remains to show that X is simply connected. We will do this next time. O
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10 Simply Connectedness of Universal Covering Spaces and
Green’s Functions

10.1 Simply connectedness of universal covering spaces

Last time, we were proving the existence of universal covering spaces.

Theorem 10.1. Let X be a connected topological manifold. Then there exists a simply
connected manifold X and a covering map p: X — X.

Proof. Let X = {(x,[0]) : ¢ is a path in X from z to x}. We have shown that p : X — X
sending (z,[0]) — z is a covering map. We claim that X is simply connected. When
|sigma is a path in X from z( to € X, consider the path in X: ¢’ : [0,1] — X with
o'(s) = (o(s), [t = o(ts)]) € X. Then ¢'(0) = (20, [ex,]) (W here 4, is the constant path
at z¢), and o’(1) = (, [0]). Moreover, po o’ = ¢. So X is path-connected.

Let o” be a closed path in X with ¢”(0) = 0”(1) = (20, [ez,]). Then ¢ := poo” is
a closed path in X starting and ending at xg. The path o can be lifted to X , and by
the uniqueness of lifts, o” sends [0,1] 3 s +— (0(s), [t — o(st)]) € X. Thus, (zo, [e2,]) =
a”(0) = ¢’ (1) = (x,[0]), so o is null-homotopic in X. By the homotopy lifting theorem,
o” is null-homotopic in X. O

10.2 Green’s functions in C

We want to prove the uniformization theorem:

Theorem 10.2 (Poincaré, Koebe). Let X be a simply connected Riemann surface. Then
X is complex diffeomorphic to C, C, or the unit disc D C C.

Here is the starting point of the proof. We will try to construct a Green’s function for
X. Recall the notion of a Green’s function for an open, bounded £ C C with C? boundary.

Definition 10.1. We say that G(z,y) for z € Q, y € Q is a Green’s function for ) if
1. G(z,y) = o= log|z — y| + he(y), where h, € C*(Q2) is harmonic in €.
2. G(z,y) =0 for y € 09.

Remark 10.1. If G exists, it is unique. The function y — G(z,y) is subharmonic in .
By the maximum principle, G(z,y) < 0 for all (z,y) € Q x Q.

Assume that G(xz,y) exists, and let u € C?(Q) with u|sn. Cut out a small disc around
x to get Q. = {y € Q: |z —y| > ¢}. By Green’s formula,

_ 96(z,9) o
| 008,60~ 6nau) = [ (a2 Gl ) ast)

00
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o0 e

where n is the unit outgoing vector, normal to 02, and S; = {y : |y — x| = £}. Consider

/—cww>a“@@=mmmumiﬂa
S —— 67’Ly ~——
—Olog(1/e)  =O(e)

Compute also
/SE u(y)Vy (2177 log |z — y| + hx(y)> W ds(y)
:/“”<1 : y_x_@_”+0m)@@>

2m |y — x| |y — x| |y — |

=—/ +o(1)

e—0t

The left hand side in Green’s formula equals

€—>O
- chayﬂmmwdy—g/ L/ G, y) Auly) dy,

where we can use the dominated convergence theorem since G € LL (€2). We get

mm:LGwmﬂm@

if f = Au € C(Q). Here, we have used that u € C?(Q) and u|gq = 0.
Assume now that u € C2(R?). Take Q = D(0, R) for large R > 0, and let z = 0. Then

_ / G0, y)Auly) dy = / (;ﬂlog|y +h0(y)) Auly) dy.

ho is harmonic in D(0, R), so
/hoAu(y) dy =0

after integrating by parts. So we get that

[ Ewauw s =u0), B =5 togly
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for all u € CZ(C). When this formula holds, we say that E is a fundamental solution of
A, and we write AE = §p, where dp is the Dirac measure at 0: do(u) = u(0).
To construct G(x,y) for a given €, we need to solve

Ayha(y) =0

in © with the boundary condition

1
<h$+10g\x—~\> =0.
27 90

This can be solved using Perron’s method. We will extend Perron’s method to a Riemann
surface and construct a Green’s function using this method.
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11 Weyl’s Lemma and Perron’s Method

11.1 Weyl’s lemma

Last time, we were talking about Green’s functions for 2 C C:

1
G(z,y) = 5 o8 |z =yl + ha(y), G(z,y) =0,y € 09,

where h, is harmonic. If

1
E(x) = 5 log|al,

then E is a fundamental solution of A: for all ¢ € C§°(R?):

[ Ede =00

Theorem 11.1 (Weyl’s lemma). Let Q2 C C be open, and let u € Li () be such that

loc
/uAgodx:O Ve CP ().

Then there exists a harmonic up € C*°(Q) such that uw = u; a.e. in .

Proof. Let w C Q be open with compact w C €2, and let ¢ € Cg° with ) =1 near w. Let

w(z,y) =Ay(1-y@)E—-y), zcwye

Then w € C*, and y — w(z,y) has compact support: for all z € w,

w(z,y) =1 —19(y) (AE)(z—y)+
=0 has supp C supp(Vvy) C Q

Let v(z) = [u(y)w(z,y) dy € C°(w). We claim that for all g € C§°(w), the integral
Jv(z)g(z) dz = [u(zx)g(z)dz; this implies that u = v a.e. We have:

/ o(2)g() dz = / / u(y)Ay(1 — $(9) E(x — y))g(x) d dy

~ [uwa, |@-vw) [ B -t ds | dy
h(y)

_ / w(m) Ay (1 — $(y))h(y)) dy
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Here, h(y) = [ E(z)g(z +y)dx € C>(R?), where E € Llloc, h € C§o().

= [utsnyay— [uwacwny

=0

E is a fundamental solution to the Lapalacian, so Ah(y) = [ E(x)Ag(z + y) dz = g(y).

= /U(y)y(y) dy. O

Remark 11.1. The argument in the proof only uses that £ € L and E € C*°(R?\ {0}).

loc
If we replaced the Laplacian by any other operator with a fundamental solution, the same

proof would work.

11.2 Perron’s method for constructing harmonic functions

Recall Perron’s method for Q2 C C:

Lemma 11.1. Let 2 C C be open and connected, and let u : Q@ — [—o00,00) be subharmonic
with u # —o0o. Let D = {|x — a|] < R} be such that D C €, and define

u(x) xeQ\D
uD(x) = 1 d
52k Jyl=r Pr(x —a,y)u(a+1y)ds(y) x € D.
Then up is subharmonic in 2, and u < up.
The function up is called the Poisson modification of w.

Definition 11.1. Let © C C be open and connected. A continuous Perron family in
Q2 is a family F of continuous subharmonic functions u : © — [—o00, 00) such that

1. u,v € F = max(u,v) € F.
2. If u € F and D is a disc with D C Q, then up € F.
3. For each = € ), there is a u € F such that u(z) > —oc.

Theorem 11.2 (Perron’s method). Let F be a continuous Perron family on an open and

connected Q0 C C, and let u = sup,crv pointwise. Then one of the following statements
holds:

1. u(z) = 400 for all x € Q.

2. w 1s harmonic in €.
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Remark 11.2. The proof is of local nature; it uses only local properties if v € F, and the
maximum principle is only used on small discs in €.

Let X be a Riemann surface. We claim that Perron’s method works on X.

Definition 11.2. A function v : X — [—00,00) is subharmonic (resp. harmonic) if for
every complex chart ¢, : U, — Vg in some atlas, uop,! is subharmonic (resp. harmonic)
in V,.

Definition 11.3. A parametric disc D = Dx C X is a set such that there exists a
complex chart ¢ : U — V such that Dx C U and ¢(Dx) is a Euclidean disc.

Given v € SH(X), define its Poisson modification:

(2) = u(z) zeX\D
Hox )= h(z) =z €D,

where h is a harmonic extension of u|gp.

The fundamental theorem of Perron’s method is valid on X, so we can construct inte-
grable harmonic functions on X.
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12 Green’s Functions on Riemann Surfaces

12.1 Green’s functions on Riemann surfaces

Let X be a Riemann surface. Take x € X, let z: U — V be a complex chart, and let D
be a parametric disc with € D and D C U such that z(z) = 0. Let F be a family of
continuous subharmonic functions X \ {2} — [—00, 00) such that

1. For every u € F, there is a compact K C X such that u|x\ g = 0.
2. For every u € F, u(y) + log|z(y)| is bounded above for y in a neighborhood of X.
F is a Perron family on X \ {z}.

Remark 12.1. The second condition does not depend on the choice of the parametric
disc.

Set

G:(y) = sup u(y).

Definition 12.1. If G, < oo, then we say that the harmonic function G, on X \ {z} is a
Green’s function for X with pole at z € X.

If G, = oo, then we say that Green’s function does not exist. To give an example where
it does exist, first recall the Lindel6f maximal principle:

Theorem 12.1 (Lindeldf maximum principle?). Let Q C C be open and bounded, and let
u € SH(Q) be bounded above. If

limsupu(z) < M V¢ € 0N\ F,

z—(
where F is finite, then u < M in all of Q.

Example 12.1. Let X = {|z| < 1}. We claim that when |a| < 1, Green’s function G,
exists, and

1—az
a =1
Ga(2) = log |—
Let w € F. Then
zZ—a
— G, = 1 ,
u(z) — Ga(2) = u(z) + log | T

which is subharmonic on D \ {a}, bounded above, and equals zero on dD. By the Lindelof
maximum principle, u — G, < 0 on D \ {a}. We also notice that for every ¢ > 0, the
function max(G,(z) — ¢,0) € F. The claim follows.

4This name is not completely standard but sometimes appears in the literature.
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Example 12.2. If X = C, then G does not exist: consider max(log R/|z|,0) for large R.

Proposition 12.1. Let © € X, and let z : D — C be a parametric disc with z(x) = 0.
Assume that G, exists. Then Gy > 0 on X \ {z}, and G(y) + log|z(y)| extends to a
harmonic function on D.
Proof. Let
1
to(y) = log miyr vED \ {z}
0 ye X\ D.

Then ug € F. The function wug is subharmonic on X \ {z}, as max(log(1/|z|),0) is subhar-
monic on C\ {0}. Then up > 0, s0 G, > 0on X \ {z}, and G; > 0 on D. By the maximum
principle, G5 > 0 on X \ {z}.

Let w € F. Then u(y) + log|z(y)| is subharmonic in D \ {z} and bounded above. By
the Lindel6ff maximum principle,

u(y) +loglz(y)| <supu <supG, < oo,  ye€ D\ {z}.
oD oD

So
Gz (y) + log|z(y)| < sup Gz, yeD\{z}.

Also,
Gz (y) +1log|z(y)| > uo(y) +loglz(y)| =0,  y€ D\{x}.

It follows that the bounded harmonic function G (y) + log|z(y)| extends harmonically to
D (the singularity at z is removable). O

Remark 12.2. It follows that G,(y) > 0 is superharmonic on X. This explains why C
does not admit any Green’s functions; —G, would be a bounded subharmonic function on
C, but such a function does not exist.

12.2 Uniformization theorem, case 1

Theorem 12.2 (Uniformization, Case 1). Let X be a simply connected Riemann surface.
The following conditions are equivalent:

1. Gx(y) exists for some xz € X.
2. Gy(y) exists for all z € X.

3. There exists a holomorphic bijection ¢ : X — {z : |z| < 1}.
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Proof. (3) = (2): Let ¢ : X — {|z| < 1} be a holomorphic bijection, and let z € X. We
can assume that ¢(z) = 0 (by composing ¢ with a Mobius transformation). Let v € F,.
Then v(y) + log |¢(y)| is subharmonic on X \ {z}, bounded above, and < 0 far away from
z. By the Lindel6f maximum principle, v(y) +1log |p(y)| < 0 on X\ {z}. So G, = sup,crv
exists.

(2) = (1): This is a special case.

(1) = (3): Assume that G, exists for some z € X. By the proposition, G5(y) +
log |2(y)| is harmonic in the parametric disc z : D — {|z| < 1} (where z(z) = 0). Then
there exists f € Hol(D) such that G, (y) + log |2(y)| = Re(f(y)) for y € D. Let ¢(y) :=
z(y)e~ W), Then p(z) = 0, ¢ is holomorphic, and |p(y)| = e~=®) < 1 for all y € D. We
claim that ¢ continues holomorphically to all of X so that this holds globally on X. O

We will prove the last part of this case next time.
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13 The Uniformization Theorem

13.1 Uniformization, Case 1

Let’s finish the proof of the first case of the Uniformization theorem.

Theorem 13.1 (Uniformization, Case 1). Let X be a simply connected Riemann surface.
The following conditions are equivalent:

1. Gy(y) ezists for some v € X.
2. Gy(y) exists for all z € X.
3. There ezists a holomorphic bijection ¢ : X — {z : |z| < 1}.

Proof. (1) = (3): Let D C X be a parametric disc with z € D and z(z) = 0. We
saw last time that there is a ¢p € Hol(D) such that |pp(y)| = e~ %+®) for all y € D. If
D’ C X is a parametric disc such that x ¢ D, then there exists pp € Hol(D’) such that
lppr(y)| = e~ G=W) for all y € D": G|pr is harmonic, so G, = Re(fpr) with fpr holomorphic,
and we can take pp/(y) = e /0'®. On DN D', op/ep is holomorphic with modulus 1.
So op/ep = € for some 6.

Let v be a path in X with v(0) = z. Then, by compactness, there is a partition
0=ty <t; <---<t, =1and parametric discs Dj, 1 < j < n, such that y([t;—1,t;]) C Dj.
It follows that ¢p can be continued analytically along all paths in X starting at . By the
monodromy theorem, there is a globally defined holomorphic function ¢ € Hol(X) such
that |o(y)| = e==®) for all y € X.

We claim that ¢ is injective. We have that p(x) = 0, and if ¢(y) = ¢(y) = p(x) = 0,
then y = z (since G, is only infinite at z). Let z € X with z # z. Then |p(2)| < 1.
Consider W) )

Py — PR
1—o(2)e(y)

Then ¢; € Hol(X), and |¢1| < 1. Take v € F,, the Perron family used to construct G..
The function v(y) + log|¢1(y)| is subharmonic on X \ {z}, bounded above, and < 0 far
away. By the Lindel6f maximum principle, v(y) +log |¢1(y)| < 0 on X \ {z}. So G, exists,
and G, (y) + log |p1(y)| < 0. For y = z, we get

G.(2) < —log|p1(z)| = log [p(2)] = Gz(2).
Switching the roles of z and z, we get®

G.(2) = Gal(2).

5This symmetry of the Green’s function is actually true in general, but we will not visit that fact now.
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The function G.(y) + log|¢1(y)| < 0 is subharmonic for y # z, and when y = z, we have
G.(z) + log[p1(x)] = Gz(2) +log |p(2)| = 0.

By the maximum principle, we get

G:(y) = —log|varphir(y)l,  y# =

If p(w) = ¢(z), then p1(w) = 0. So G,(w) = 0o, which means w = z.

We have that ¢ : X — D = {|z| < 1} is holomorphic and injective. We do not
actually need to prove surjectivity because of the following trick.% ¢(X) C D is open and
simply connected. By the Riemann mapping theorem, there is a holomorphic bijection
¥ p(X) — D. So the map ¢ o ¢ € Hol(X) works. O

Remark 13.1. This is sometimes called the hyperbolic case since D admits a hyperbolic
metric. So we have shown that every simply connected manifold that carries a Green’s
function is conformally equivalent to a space with a hyperbolic metric.

13.2 Uniformization, Case 2

Theorem 13.2 (Uniformization, Case 2). Let X be a simply connected Riemann surface
for which Green’s function does not exist. If X is compact, then there is a holomorphic
bijection X — C. If X is not compact, there is a holomorphic bijection X — C.

The main idea in the proof is to show the existence of a dipole Green’s function.

Example 13.1. Consider log1/|z| on the Riemann sphere. This has singularities of op-
posite signs at 0 and oo.

Lemma 13.1 (existence of a dipole Green’s function). Let X be a Riemann surface, let
x1,x2 € X be distinct, and let z; : Dj — {|z| < 1} for j = 1,2 be parametric discs such that
zj(x;) = 0, snd D1 N Dy = @. Then there is a functio nGy, 4,(y) which is harmonic on
X \{z1, 22} such that Gy, 4,(y) +1og|z1(y)| is harmonic in D1 and Gy, 5,(y) —log |z2(y)|
is harmonic in Dy. Furthermore,

sup Gy 2, (y) < 00.
yGX\(D1 UDQ)

Assuming this lemma, which we will prove later, we can finish the proof of the Uni-
formization theorem.

5The map is actually surjective, but it would take some more work to prove.
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Proof. Let Gy, 4, a dipole Green’s function for x1 # z2 € X. Arguing as in the proof of
Case 1, we see that there is a ¢ € Hol(X,C) (i.e. a meromorphic function on X) such that

lo(y)| = e Frm®) -y e X,

Then ¢ has a unique zero at x; at 1 and a unique simple pole at zo.

Assume that ¢ : X — C is injective. Then consider ¢(X) C C, which is simply
connected. If C \ ©(X) contains more than a single point, composing with a Mobius
transformation which sends the point to co, we get an injective, holomorphic map from X
to a subset of C. By the Riemann mapping theorem, we get a holomorphic bijection to D;
however, we assumed no Green’s function exists, so we have a contradiction. So we must
either have p(X) = C (after composing with a Mébius transformation) or p(X)=C. O

Next time, we will show that ¢ is injective, to complete the proof.
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14 Uniformization Case 2 and Green’s Functions Away From
a Disc

14.1 Uniformization, Case 2 (cont.)

Last time, we were finishing our proof of the Uniformization theorem.

Theorem 14.1 (Uniformization, Case 2). Let X be a simply connected Riemann surface
for which Green’s function does not exist. If X is compact, then there is a holomorphic
bijection X — C. If X is not compact, there is a holomorphic bijection X — C.

Proof. If Gy, 4, is a dipole Green’s function, then there is a ¢ € Hol(X,C) such that
lo(y)] = e Crre2®W) | p(x1) = 0, and p(29) = oo (a simple pole). We only need to show
that ¢ is injective on X. Let 29 € X \ {z1,22}. The dipole Green’s function G 4,(y)
exists, then there is a ¢y € Hol(X,C) such that |po(y)| = e~ C=022®) for y € X. Consider

the function
) = p(y) — p(x0)

vo(y)
which is holomorphic away from xg, xs. The singularities at xg,xo are removable, so f €
Hol(X).
Now

Sup < o = ‘f(y)‘ S eczo,zg(y) (e*Gzl,ZQ(y) + C)7
yGX\(DluDz)

so f is bounded away from xg, 1, z2. Since f is holomorphic at these 3 points, f is bounded
on all of X. Say |f(y)| < M. Let v € F;, be a Perron amily for G;,. Then

fy) = f(@1)

L ye X\ {a}

v(y) + log

by the Lindel6f maximum principle. Since sup,ez, v(y) = oo for all y, we get f(y) = f(z1)
for all y € X.
We get that

o) — pla) _ plen) —plan) __pla) o
o) eem)  pelan) T

In particular, ¢ # p(x¢) unless po(y) = 0. This is when y = xg. Thus, ¢ is injective on
X \ {1, 22} and hence on X. O

14.2 Existence of a Green’s function away from a disc

It now remains to prove the existence of a dipole Green’s function. We need the following
fact.
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Theoremj4.2. Let Xg be a Riemann surface, and let Dy C X be a parametric disc. Set
X = Xo \ Dg. Then for all x € X, a Green’s function G5(y) on X exists.

Given this construction, we can produce a dipole Green’s function by taking the differ-
ence of Green’s functions G, and G, for z1,z2 ¢ Dg. Then we can shrink the size of the
disc to try to get a dipole Green’s function on all of Xj.

Proof. Let x € X, and let S C X be a parametric disc D C X with z € D = {|z| < 1} and
2(x) =0. When 0 <r < 1,let rD={ye D:|z(y)] <r}. Let v e F,;, aPerron family on
X. Then

v(y) +1log |2(y)| < sglg‘/, yeED,y#ua

by the Lindel6f maximum principle. In particular,

sup v(y) + log(r) < supw.
y€d(rD) oD

Idea: We want to solve the Dirichlet problem” on X \ rD = Xy \ (Do UrD):
Au=0on X \ 7D, ulprpy = 1, ulgp, = 0.

We will use Perron’s method. Let F be the collection of us which are subharmonic on
X\ rD, u =0 far away, and such that

limsupu(y) <1 V¢ € 0(rD),
y—=¢

limsupu(y) <0 Vo € 0Dy.

Yy—a

For all u € F, u <1, so by the Perron theorem,

w(y) = supv(y)
veF

is harmonic on X \ rD.

Any point £ € 9Dy U 9(rD) is a regular point for the Dirichlet problem in the sense
that there is a local barrier at £: Recall that h is a local barrier at £ € 92 (where Q C C
is open and connected) if

1. h is defined and subharmonic on 2 NV for some neighborhood B of &.
2. h(z) <0in QNV
3. For z€ Q h(z) - 0as z — &

"We have not formally defined the Laplacian on a Riemann surface, but this should at least motivate
the rest of the proof.
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If 0 € C!, then any ¢ € 09 is a regular point. By Perron’s theorem, it follows that
w = supv extends continuously to d(rD)UAdDy. So we have a harmonic w on X \ 7D such
that w\a(TD) =1 and w|pp, = 0. We have that 0 < w < 1, and by the maximum principle,
O<w<lonX\rD.

Let us go back to v € F,:

sup v(y) + log(r) < supw.
y€d(rD) oD

Consider the subharmonic function on X \ 7D

v—| sup v | w.
o(rD)

By the maximum principle, this function is < 0. So
v < (sup v) w,
oD

supv < | sup v | supw.
oD a(rD) oD

=1-¢

which gives us that

Combining this with our previous bound on v gives

6 sup < sup v —supuv,

a(rD) o(rD) oD
SO
d sup +log(r) <O0.
o(rD)
We get that
1 1
sup < =log <> , Vv e Fy
a(rp)y O r
Thus, sup,cr v # 00, and G, exists. O

Remark 14.1. The function w is called the harmonic measure of 9(rD) in the region
X\ rD.
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15 Existence of a Dipole Green’s Function

15.1 Symmetry of Green’s functions

Proposition 15.1 (symmetry of Green’s functions). Let X be a Riemann surface such
that G, ezists for some x € X. Then G exists for any y, and G,(y) = Gy(x).

We have already proven this when X is simply connected.

Proof. Idea: Let X be a universal covering space of X. On X, G; exists for all z € p~!(x),
where p: X — X is a covering map. So X = D, and

1— 2y
g—Z

Gz(j) = log ’

is symmetric. O

Remark 15.1. It follows that any Riemann surface is second countable (Rado’s theorem).
Take X, and remove a parametric disc. Then the rest of the space has a Green’s function,
so it is covered by a disc, which is second countable.

15.2 Existence of a dipole Green’s function

Theorem 15.1 (existence of a dipole Green’s function). Let X be a Riemann surface, and
let z1 # x9 € X. Let zj : D; — {|z| < 1} be parametric discs such that zj(x;) = 0 and D1N
Dy = @. Then there exists a harmonic Gy, 2, on X \ {z1, 22} such that Gy, 4, +log |21 ()|
is harmonic in D1, Gy, 2, +10g |22(y)| is harmonic in D2, and supx\ (p,up,) |Ga: 2| < 00.

Proof. Let Dy C X be a parametric disc 2g : Dy : {|z] < 1} with 2¢(x9) =0 and DgN D, =
gforj=1,2. For0 <t <1,lettDy={y € Do:|20(y)| <t} Let Xy = X \tDy. We know
that Green’s function Gy, (x1,y) exists for all y € X; \ {z1} and for all . Let 0 < r < 1.
Let v € F,,, the Perron family on X; used to construct Gy, (z1,y). When y € X; \ 7Dy,

o) < sup v
o(rDy)

by the maximum principle. Taking the sup over all v € Fg,

Gx,(r1,y) < sup Gx,(z1,y) = M(2).
o(rDy)

On the other hand, we have shown last time that

sup v+ log(r) <supwv
8(rD1) 0D1
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(by applying the maximum principle to v(y) + log|z1(y)| in D1). We get

M(t) + log(r) < sup Gx, (x1, ).
0Dq

Consider the function

ut(y):M(t)_GXt(xlay)a Z/GXt\ﬁ

Then u:(y) > 0 and is harmonic. There exists a yp € 9D; such that u(yo) < log(1/r). We
want to apply Harnack’s principle to w;: Let K C X3 \rD; be compact such that Dy C K3
and 0D C K. By Harnack’s inequality,

SPKY (K, )
ian ur ”

where C(K,r) is a geometric constant independent of ¢. So
Ut (y) <, y €K,

uniformly in ¢t. So

Gx,(v1,y) — Gx, (21, 22)| = |u(y) — ue(z2)| < 2C.

Similarly, B
|GXt($2,y)—GXt($2,l'1)’ §20, yGK',K'QDlLJ@Dg.

By the symmetry of Green’s functions, Gy, (z2,z1) = Gx,(x1,z2). So we get
’G-Xt(xlvy) - GXt(x27y)| S C

uniformly in ¢ for y € D1 U 0Ds.
We also want uniform control on Gy on X; \ (D; U D3): Let v € F,,. Then v(y) —
G x,(72,y) is subharmonic for y € X; \ Dy, so

v(y) — Gx,(z2,y) < 2%p(v — Gx,(x2,y)) <C
1

by the maximum principle. So

Gx,(x1,y) — Gx,(x2,y) < C

-~

::Gt (yvxlva)

on X; \ D;. Similarly,

inf  Gy=— sup -Gy > C,
y€X¢\ D2 X\Dy
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So we get

sup |Gy < C,
X:\(D1UD>)

uniformly in t. In Dj;, j = 1,2, Gi(y,x1,22) + log|21(y)| is harmonic in D;. By the
maximum principle applied in Dy,

Ge(y, z1.22) +1og |1 (y)|| <€, y€ Dy,
uniformly in ¢. Similarly,
Gi(y, 21, 22) —log|za (W)l < C, gy € Dy,

uniformly in ¢.

These three uniform inequalities give us the following: Let K C X \ {x1,x2, 20} be
compact. By normal families and Rado’s theorem, there exists a sequence t, — 0 and G
harmonic on X \ {xo, 21,2} such that Gy, — G locally uniformly on X \ {zo, 1, z2}. The
first inequality gives us that G is bounded in Dy \ {zo}; so G extends harmonically to Dy.
Similarly,

|G(y) +log|z1(y)| < Cin D; = G + log|z1| is harmonic in Dy,

|G(y) + log |22(y)| < C'in Dy = G + log |z2| is harmonic in Ds.

So G is a dipole Green’s function. O
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16 Consequences of the Uniformization Theorem

16.1 Deck transformations

We have shown the Uniformization theorem.

Theorem 16.1 (Uniformization). Let X be a simply connected Riemann surface.
1. If Green’s function exists for X, then there is a holomorphic bijection X — D.
2. If X is compact, then X = C.
3. If X is not compact and if Green’s function does not exist, then X = C.

What does this say about non-simply connected Riemann surfaces?
Let X be a connected topological manifold. Let X be the universal covering space of
X with covering map p: X — X.

Definition 16.1. We say that a homeomorphism ¢ : X — X is a deck transformation
ifpop=p.

Proposition 16.1. The set of deck transformations is a group G which acts transitively on
the fibers: if &,y € X such that p(Z) = p(y), there is a unique ¢ € G such that p(T) = 3.

Proof. The lifting criterion applied to p gives a unique ¢ : X — X such that po @ =pand
(L) = 9.
X
A
v Jp
X — X
¢ is a homeomorphism because there is a continuous map ¢ : X — X such that Po¢ = p

and ¥(g) = &. Sopoworh =pand ¢(1p(7)) = g. So ¢ o) =1 by the uniqueness of lifts.
So ¢ is a deck transformation. O

Proposition 16.2. The group G acts on X freely: for all p € G with ¢ # 1, ¢ has no
fized points. Also, the orbits GT = {¢o(%) : ¢ € G} = p~Y(p(%)) are discrete, as p is a
cover.

Corollary 16.1. The space of orbits X/G is naturally identified with X, also topologically
if X/G is equipped with the quotient topology: O C X /G is open iff 7 Y(P) C X is open,
where m: X — X /G is the quotient map T — GZ.
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16.2 Partial classification of Riemann surfaces

Let X be a Riemann surface. Then X is a Riemann surface, andp: X — X is holomorphic.
So every ¢ € G is holomorphic: G C Aut(X) = {holomorphic bijections X — X}. We
have X = X /G, where by uniformization, X = C, C, or D.

1. X = C: We have that G C Aut(C) = {0 : o(z) = Zjis,ad — be # 0}. Every

o € Aut(C) has a fixed point, so G = {1}. We get that if X is a Riemann surface
with C has the universal covering space, X = C.

2. X = C: We have that G C Aut(C) = {0 : 6(2) = az+b,a # 0,b € C}. The elements
of G have no fixed points, so a = 1. We get that G C {0 : 0(2) = z + b,b € C},
the complex translations. G acts with discrete orbits, so (by a fact we will not prove
here®) one of the following holds:

(a) G={1},s0 X =C.

(b) G = {0 :0(2) = z+ ny,n € Z} for some v € C\ {0}. We have a natural
isomorphism X 2 C/{z + z + ny} = C\ {0} via [z] s €2™/7.

(¢c) G={o:0(z) =ny+md+z,n,m € Z}, where v,0 € C are linearly independent
over R. In this case, X is isomorphic to the complex torus.

Thus, if X is a Riemann surface with X = C, then X = C, C \ {0}, or a complex
torus.

3. X = D. Then X = D/G, where G C Aut(D) acts freely. Such subgroups are called
Fuchsian groups. This is the general case.

16.3 Examples of applications

Example 16.1. Let M be a compact Riemann surface, and assume that there is some
f € Hol(C, M) which is non-constant. What can be said about M? Lift f to the universal
covering space:

X

3 2
{/ lp
(C/T>X

Then f is non-constant, so M # D. If M = C, then either M =2 Cor M =C and M =~ a
torus.

8This fact has nothing to do with Riemann surfaces. We have a discrete group acting on a real vector
space, so the number of generators should be < the dimension of the vector space.
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Theorem 16.2 (Picard’s little theorem). Let f € Hol(C) be such that 0,1 ¢ f(C). Then
f is constant.

Proof. We can lift f:
D

7 1
7

C%(C\{O,l}

By Liouville’s theorem, f is constant. So f is constant. O

This is the end of our discussion of Riemann surfaces. If you are interested in learning
more, here are books which have a modern approach to analysis on Riemann surfaces:

e S. Donaldson, Riemann surfaces.

e D. Varolin, Riemann surfaces by way of complex analytic geometry.

46



17 Introduction to Several Complex Variables

17.1 Holomorphic functions of several complex variables

Definition 17.1. Let 2 C C" be open, and let f :  — C be a function f = f(z1,...,2,) =
f(x1,915- -+, Tn,yn), where z; = x; +y;. We say that f is holomorphic in Q if f € C1(Q)
and if for every j, z; — f(z1,...,2j,...,2,) where it is defined.

o8 _1 (0 00
0z dx; ' dy;
for 1 < j <n. Then f is holomorphic if and only if f € C1() and 8f =0 for all j.

Define also
of _1(of 19f
0z dxj i 0y; )

Define

For all f € C1(Q),

" of
df:z;a dzj +Zaz]
e

So f is holomorphic iff badf = 0.

Example 17.1. Let f € LY(R") be such that f = 0 for large |z|. Then the Fourier
transform

= /f(a:)e_””'6 dz, EeR”

extends to the entire function
— [f@ean, cecn,

where - ( =) 525G (in particular, there are no complex conjugates involved).

Remark 17.1. The space of holomorphic functions, Hol(?) is a ring.

17.2 Cauchy’s integral formula in a polydisc

What is the analogue of a disc in C"? We could try Euclidean balls, but this turns out to
be more complicated.

Definition 17.2. A polydisc D C C" si a set of the form D = Dy x---x D,,, where each D
is an open disc in C. The boundary is 0D = {z = (21,...,2,) € C" : Jj s.t. z; € 0D;}.
The distinguished boundary of D is dyD = {z € C" : z; € 0D; Vj}.
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Theorem 17.1 (Cauchy’s integral formula in a polydisc). Let D = Dy x --- Dy, be a
polydisc, let f € C(D) be such that f is separately holomorphic® in zj € Dj for all j. Then

o 70
1) = iy /aOD G =) (G =) S0

(The integral can be defined by parametrizing 0oD: for D; = {|z; — a;| < 1}, let (i(t) =
aj + rjeitf, 0<t; <2m.)

Proof. Proceed by induction on n. When n = 1, this is the usual Cauhy’s integral formula.
Suppose the formula holds for n — 1. Write D = D(ay,7r1) x D', where D(aq,7m) C C and
D' C C"L. For every z € D(ay,r1),

no_ 1 f(Z, CI) /
(e 2') = Lo Q.

(2771')”71 G2 — 22) T (Cn - Zn)
By Cauchy’s integral formula and the fact that f € C(D),

f(z,C’)zl/aD( 1&E) 4

211 ai,r) C —Z

: = e L mmae e )

N Tm dD(a1,r1) (—z 27Ti)n_1 G2 — 22) T (Cn - zn)

! f(©)
- Acy -+ de.
(2mi)n /aOD G ) oy
The result follows. .

Corollary 17.1. Let f satisfy the assumptions in the theorem. Then f € C*(D), and
therefore, f € Hol(D).

Corollary 17.2. Let Q C C be open, and let f € C(Q) be separately holomorphic. Then
f € Hol(2).
Proof. Take a polydisc D with D C € around each point. O

17.3 Local uniform convergence of holomorphic functions

Theorem 17.2. Let u; € Hol(Q) be such that up — w locally uniformly in Q. Then
u € Hol(Q), and for every a, 0%uy, — 0%u locally uniformly. Here, o« = (aq,...,q,) € N?

is a multiindez, and 0% = OF} - -- O3

Proof. Let D be a polydisc with D C . Then

1 / ug(¢)
up(z) = ——— dc, z€eD.
B = @i oo G =)+ (Go = 22)
It follows that u € Hol(f2), and 0%uy — 0%u uniformly in a neighborhood of the center of
D for all a. O

9In particular, we are not assuming that f is holomorphic because we do not assume that f € C*.
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17.4 Cauchy’s estimates

Let D C C" be a polydisc, let u € C(D) N Hol(D), and write

B u(¢)
U= g fo o

Here, when « is a multiindex, write z* = 2" - -- 25", and denote E(1,...,1). Also, when

« is a multiindex, denote a! := aq!--- a,!. Then for all o,

0%u(z) = o! /8 u(©) dc.

(27i)" Jaop (¢ — 2)H

We then have Cauchy’s estimates:
Theorem 17.3 (Cauchy’s estimates). Let D C C" be a polydisc centered at 0, and let
u € C(D)NHol(D). Then

M
10%u(0)] < al—, M = sup |ul.
re 80D
0

Proof. By taking derivatives in the Cauchy integral formula as above, we get

' M(2mi)"rE
o et |
(2mi)™ rBo ro

0%u(0)] <

17.5 Analyticity of holomorphic functions

Theorem 17.4. Let D C C™ be a polydisc centered at 0, and let f € Hol(D). We have,
with normal convergence in D:

f(Z) _ Z 8af(0) Py

al
(7

Here, normal convergence means that ) u; converges normally in Q (Y supy |u;| < o)
for all compact K C Q.
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18 Analyticity, Maximum Principle, and Hartogs’ Lemma

18.1 Analyticity of holomorphic functions

Last time, we defined holomorphic functions of several complex variables: if 2 C C" is
open, then f € Hol(Q) if f € CY(Q) and 8% =0 for all j.

Theorem 18.1. Let D C C™ be a polydisc centered at 0, and let f € Hol(D). We have,
with normal convergence in D:

o=y IO

Here, normal convergence means that ) u; converges normally in Q (Y supy |u;| < o)
for all compact K C Q.

Proof. Let D' = {|zj| < r}} for 1 < j < n, where 0 <1} <7; (and D = Dy x -+ X Dp,
D; = {|zj| < r;}). Then, by Cauchy’s integral formula,

1 / f©)
(27’[’2)" 8D’ (g—Z)EdC, E:(].,,l

It ¢ = r and |z;] < 7 <), then

f(z) =

Then

with normal convergence. We get
_ o 1 Q) 2 0%f(0)
e Z (2mi)" /aOD/ qarE K= Z ab

As D’ C D is arbitrary, the result follows. O

Corollary 18.1. Let Q C C™ be open and connected. If f € Hol(Q) and 0“f(z9) = 0 for
all € N for some zg € 1, then f =0.

Proof. The proof is the same as for the 1-dimensional case. O
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18.2 The maximum principle

Theorem 18.2 (maximum principle). Let  C C™ be open and connected. If f € Hol(Q2)
and |f| assumes a local mazimum in Q, then f is constant.

Proof. Let zg € Q be such that |f(z9)] > |f(z)| for all z in a neighborhood of zy. Let
r > 0 be such that {|z — z0| < r} C Q, and consider g,(7) = f(z0 + a7), where a € C"

with |a| = 1 and |7| < r. Then g, € Hol(|7| < r), and |g,| has a local maximum at 0.
S0 go(7) = ¢4(0) in |7| < r by the maximum principle for C. Since a is arbitrary, we get
f(2) = f(z0) in |z — 29| < . By the previous corollary, f = f(zo) in . O

18.3 Hartogs’ lemma
We will prove the following theorem.

Theorem 18.3 (Hartogs’ theorem on separately holomorphic functions). Let Q@ C C™ be
open, and let u : Q — C be separately holomorphic (holomorphic in each variable z;, when
the other variables are kept fixed). Then u € Hol(Q).

Remark 18.1. We do not even assume that u is measurable.
Remark 18.2. The corresponding result in the real domain is not true: for
0 (z,y) = (0,0),

x — f(x,y) and y — f(z,y) are real analytic, but f is not continuous at (0,0) (let alone
differentiable).

Here is our starting point.

Proposition 18.1 (Hartogs’ lemma). Let @ C C be open, and let (uj) be subharmonic
in 2 such that for all compact K C Q, there exists an My such that uj(z) < Mg for all
z€ K and j=1,2,.... Assume that there is a C' < oo such that for all z € Q)
limsup u;(z) < C.
Jj—00
Then for every compact set K C Q) and each € > 0, there exists an N such that for all
J=N,
uj(z) < C+e, z € K.

Proof. Replacing §2 by a relatively compact domain containing K, we can assume that (u;)
is bounded above in € or even that u; < 0 in Q. Given compact K C €, let 0 < r <
dist(K, Q2¢)/3 and recall the sub-mean value property:

uj(z) < 2//|-<< GO, e

51



By Fatou’s lemma,

fimsup | /lz_m w@ane < [ /|z— lim sup u;(C) dA(C) < Crer.

j—00 ¢I<r j—oo

Thus, for all z € K, there exists j, such that if j > j,, then
J[ wong <micre,
lz—(¢|<r

We can assume here that C' + ¢ < 0.
Let |z —w| < § < r. Then

1
ww) < o [ w0,
Here, {C: [ —w|<r+d6} 2{¢:|(—2| <r}. So
-

w0 < e [ oo < ( ;) ©rer)

-~

<nr2(C+e/2)

for j > j,. Try to take 6 = ur for 0 < pu < 1. The right hand side becomes

1
(14 p)?

and we can take p so this is just C'+ . So we can take

1/2
= <C+5/2> 1
C+He

N———
>1

(C+¢/2),

We can cover K by finitely many neighborhoods of the form {|z — w| < §} for z € K. O
Next time, we will prove the following lemma on our road to Hartogs’ theorem.

Lemma 18.1. Let Q C C” be open, and let u be separately holomorphic in Q. If u is
locally bounded in Q, then u € C(2) (so u € Hol(2)).
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19 Hartogs’ Theorem

19.1 Lemmas containing the argument

The goal is to prove the following theorem.

Theorem 19.1 (Hartogs). Let Q C C" be open, and let u :  — C be separately holomor-
phic. Then u € Hol(Q2).

We will break up the proof into a few lemmas.

Lemma 19.1. Let Q C C" be open, and let u be separately holomorphic in Q. If u is
locally bounded in 2, then u € C(2) (so u € Hol(2)).

Proof. Let D be a polydisc with D C Q. Write D = D; x D', where Dy is a disc in C and
D' is a polydisc in C*~!. The function z; + u(z1,2’) € Hol(D;). By Cauchy’s integral
formula, 0,,u(z1,2") is bounded when z; € D] C D; (compactly contained) and 2z’ € D’.
It follows that 0., u is bounded on a relatively compact polydisc C Dj in other words, 9.,u
are locally bounded in . Also, 5, = 0 for all j.

It follows that u is continuous. If a €  and h € C" = R?",

2n
u(a+h) —u(a) = Zu(a + ;) —ula+vj-1), vj = (hj,...,hj,0,...,0).
j=1
Now use the mean value theorem. O

Induction on n: Now assume that Hartogs’ theorem is already known for functions of
< n complex variables.

Lemma 19.2. Let u : Q — C be separately holomorphic, and let D = H;‘:l D; be a closed
polydisc C Q with D° # &. Then there exist discs D’ C Dj forl < j < n—1 with
nonempty interior such that if D], = D,,, then u is bounded on D’ HJ  Di.

Proof. Let Ey = {2 € [[jZ 1D s u(2, zn)| < M Vz, € Dy}, Epis closed: by the

inductive hypothesis, 2’ + u(z’, z,) is holomorphic in a neighborhood of H" ! D; for each
zp, and thus continuous; so

Ey = ﬂ P H Dj:|u(2, z,) < M
2n €Dy j
is an intersection of closed sets. Also, Uy;_y Ev = [} ' Dj: 2y = u(2', 2,) is holomorphic
near Dy, for all 2" € [T}, ! and is thus bounded on Dy: |u(2/, z,)| < M for z, € D,,.
H” lD] is a complete metric space, so by Baire’s theorem, so Ej; has nonempty

interior for some M. So Ej; contains a polydisc D' = H’;le Dg» with nonempty interior
such that if D], = Dy, u is bounded in D" =[[7_, D} C D". O
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Lemma 19.3. Let D be a polydisc {|z; — zj| < R:j =1,...,n}. Letu: D — C be
holomorphic in 2’ = (z1,...,2,-1) for every fized z,, and assume that u is holomorphic
and bounded in D' given by |z; — z;\ <rforalll <353 <n-—1 for somer > 0 and
|zn — 22| < R. Then u € Hol(D).

Proof. We may assume that z° = 0. Take 0 < Ry < R2 < R. Taylor expand 2’ — u(2/, z,,):

u(2',z,) = Z o (2)(2)% |zjl <R, 1 <j<n-—1,]z| <R
o/eNn—1
We have that )
9% (0, zn)
(«)!
is holomorphic in |2,| < R. This series converges normally in |z;| < Rfor 1 < j <n—1. So

aa/(zn)Rgxll — 0 as |o/| = oo for each z,. Now we have that |u] < M in D’. By Cauchy’s
estimates in 2/, we know that

Ao (2n) =

lao (2n)] < Vo

7’|04/|

Consider the sequence of subharmonic (in |z,| < R) functions
1 /
QOO/(Z”) = mlog\aa/(znﬂ, ’O[ | =01+ Op—1.

Our bound gives us that ¢, is uniformly bounded above in |z,| < R. Since a, (zn)R‘Qall —0
as |o/| = oo,
limn Sup o (20) < log(1/Ra)

|a!| =00
for all z,. By Hartogs’ lemma on subharmonic functions, if |z,| < R, then for any € > 0,

Par(2n) < log(1/Ra) + ¢ < log(1/R1)

for large |o/|. In other words, for large |o/| and |z,| < Ro,

o (20)| R < 1
The series Y-/ cnn—1 Gar(2n)(2')* converges absolutely for |z,| < Ry and |z;| < Ry (for all

1 < j <n-—1) and hence normally in D. So v € Hol(D) as a limit of holomorphic functions
(the partial sums). O
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19.2 Proof of the theorem from the lemmas

We can now prove Hartogs’ theorem.

Proof. Let 20 € Q, and take a closed polydisc {|z; — z?\ < 2R,1 < j < n}. Apply the
second lemma to the closed polydisc with |z; —z?| <Rfor1<j<mn-—1land |z,—2| <2R.
Then we get a polydisc of the form |z; — (]Q| <rfor1 <j<n-—1and |z, — 2% < R with
{lzj — CJQ| <r} C{lz — z]0-| < R,1 < j <n— 1} such that u is holomorphic and bounded
there. In particular, |z; — z?\ In particular, \C]Q — z?\ < R.

Consider the polydisc D given by |z; — CJQ\ <Rfor1<j<n-—1land|z, -2 <R
(closure in Q): in the polydisc, u is holomorphic in 2’ if 2, is fixed, and u is holomorphic
and bounded in the polydisc |z; — C]Q] <rforj=1,...,nand |z, — 20| < R. By the third
lemma, u is holomorphic in D, which is a neighborhood of z. O
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20 Failure of the Riemann Mapping Theorem and Solving
the 0-Equation

20.1 Failure of the Riemann mapping theorem in several complex vari-
ables

Theorem 20.1 (Poincaré). Let D = {z € C : |z| < 1}, and let D?* = D, x D,, C C? be the
unit bidisc. There is no biholomorphic map D?> — By = {(z,w) € C? : |2]? + |w|? < 1},
the unit ball in C2.

Remark 20.1. The Riemann mapping theorem does not hold for domains in C" for n > 1.

Remark 20.2. Intuition: dD? contains non-constant analytic discs (holomorphic f : D —
0D?), while OB does not.

Proof. Assume that there exists a biholomorphic map f : D?> — By. Write f(z,w) =
(fL(z,w), f3(z,w)). Let wy € ODy,, and let w,, € D be such that w, — wg. Then for any
z € D, (z,w,) = (z,wp) € OD?. Then |f(z,w,)| — 1 (here, we only use that f is proper:
for any compact K C By, f~1(K) is compact).

On the other hand, we have g,(z) := f(z,w,) € Hol(D,C?) with |g,(2)| < 1. By
normal families, passing to a subsequence, we get g, — g € Hol(D, C?) locally uniformly.
We have |g(z)| =1 for all z € D.

We claim that g(z) is constant. Write g(z) = (¢%(2), g?(2)), where

9" )P+ 17 (=) =1 2eD.

Apply 9,: o o
(8.9M)g" + (0.9%)g% = 0.
Apply 0z:
0.9 1> + 10.4°* = 0.

So 0.¢" = 0, and we get the claim.
Thus, f(z,w,) converges to a constant so that f.(z,w,) — 0. Let z = zp € D be fixed,
and consider h(w) = f1(z0,w) = (h*(w), h?*(w)) € Hol(D,C?). Write by Cauchy’s integral

formula: ( )

- 1 (¢, w

W (w) = — =12 d(, zo] <r < 1.
2mi Jig1=r (¢ — 20)? |

h is bounded in D, so the radial limits lim,_, h(rwg) exist for almost every wy € 0D. We
have that h(w,) — 0 if w, — wg € ID. It follows that lim,_,; h(rwy) = 0 for almost
every wg € 0D, and by the uniqueness theorem, h(w) = 0 for |w| < 1. We get that
fl(z,w) = 0 for all (z,w) € D? so f = f(w). Replacing the role of z and w, we get that
f is constant. O
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20.2 Solving the J-equation with compactly supported right hand side
Recall that if ¢ € C§(C) with k > 1 and we set

] 2 o,

Remark 20.3. In general, the equation 8* = ¢ has no solutions with compact support.

then u € C*(C), and @ = .

In C", when n > 1, the O-equation is a system:

ou

— = fj 1<5<n.
87]' f] =7 =

This is an overdetermined system, which cannot be solved unless the right hand side satisfies
the compatibility conditions

of;  Of .
_J - 2 < <n.
0z, 0%z Lsjksn

Remark 20.4. If we view Ju = Z;‘:l % dzj as a 1-form and introduce the 1-form f =
J
>_j—1[j dZj, then the system becomes

ou = f.

If we define the 2-form Of = 22:1 0 fj A\ dz, then the compatibility conditions become
af = 0:

af = Z (Z 915 dzk> A dz;

Theorem 20.2. Let f; € C¥(C") for 1 <j <n andn > 1 be such that Of = 0. Then the
equation Ou = f has a solution u € C[])“(C").

_ N~ (94 0% -
_Z <62k 8,2]) c%k/\dzj

Jj<k

Remark 20.5. Such a solution is unique: if u,@ € C§(C"), then d(u — @) = 0. So
u — u € Hol(C™) with compact support. So v = 4.

Proof. Consider 2% for 1 < j < n. Define

9%,
1 fi(Cis 22,5 2n) fi(G+ 21,2, -, 20)
m /(C G —2 Lide) = / G Lidr).
Then u € C*¥(C"), and 867“1 = fi. O

We will continue the proof next time.
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21 The 0-Equation, the Hartogs Extension Theorem, and
Regularization of Subharmonic Functions

21.1 Compactly supported solutions of the d-equation

Theorem 21.1. Let fj € C(])“((C") for1<j<n andn >1 be such that f = 0. Then the
equation Ou = f has a unique solution u € CE(C™).

Proof. Consider a—“ for 1 < j < n. Define

:_/ fl C1,225-+52n )L(dC1)

¢ — 21

Then u € C*(C"), and 597“1 = fi. When j > 1, we have by the compatibility conditions
that

==/ 2 Q’_Q?;{" vy = = G2 gy = o,

using Cauchy’s integral formula.

We claim that if n > 1, then u is compactly supported: If |z1|+- - -+|z,| is large enough,
then u(z) = 0. On the other hand, du = 0 on C"\ K, where K = | J}._, supp(f;) is compact.
u € Hol(C™ \ K), and if 2 is the unbounded component, then, as u(z) = 0 on some open
set in 2, u = 0 in © by the uniqueness of analytic continuation. So supp(u) C K U|JM,
where M is a bounded component of C"\ K. This is bounded, so u € C§(C"). O

21.2 The Hartogs extension theorem

Theorem 21.2 (Hartogs extension theorem). Let |Omega C C™ be open with n > 1, and
let K C ) be compact with Q\ K. Let u € Hol(Q2 \ K). Then there exists a U € Hol(f2)
such that U = u in Q\ K.

Proof. Let ¢ € C§°(£2) such that ¢ =1 in a neighborhood of K. Then let ug = (1 —p)u €
C*°(£2). We shall construct a holomorphic extension U of u such that U = ug — v, where
we need v € C*°(Q) and OU = 0. We need

0=0U
= Ou — v
=0((1 - ¢)u) — v
— (@1 - p))u— 00
= —(0p)u + v



with compact support C 2, away from K. Here, we have used that u € Hol(Q\ K). We
have that (0p)u € C§°(C";C™). Solve:

v = —(dp)u.

The compatibility conditions are satisfied:

Oy B dy .
o () =20 () o

So there exists a v € C§°(C") solving this, and supp(dv) C supp(¢). So v = 0 on the
unbounded component O of C™\ supp(y). We get U —ug—v = (1 —p)u—v € Hol(£2), and
U=wuonON () supp)), which is an open subset of 2\ K. This is nonempty because
00 C supp(yp), so since 2\ K is connected, U = u in Q\ K. O

The following special case is of note:
Corollary 21.1. Let f € Hol(C™) with n > 1. Then f cannot have an isolated zero.

Proof. If f(0) =0 and f # 0 on 0 < |z| < R, then apply the Hartogs extension theorem
to K = {0} and Q = {|z|] < R}.Then h = 1/f € Hol(2 \ K), os there exists a extension
U € Hol(|z| < R). Then fU = 1, which is a contradiction. O

21.3 Regularization of subharmonic functions

Let Q C C be open and connected. Let u € SH(Q) with u # —co. Then u € LL (). Let

loc
0 < ¢ € C§°(C) be such that supp(¢) C {|z| < 1} and [ ¢(z) L(dz) = 1, where ¢ depends
only on |z|.

Remark 21.1. We can take

et t>0

p(2) = Ch(1 = |2P), h(t)z{o o

You can check that hU)(0) = 0 for all j, so h € C°(R).

Define 1 s
Ue = U * Pg, SOE(Z) = 872%0 (2)7
S0
ue(z) = /u(z —)we(C) L(dC), z € Q. ={z € Q:dist(z,Q°) > e}.

Proposition 21.1. u. € (C* NSH)(£:), and u: L v as e ] 0.
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Proof. We have
1 z2—=C .
w) =5 [ w0 (55) b e (),
Check the sub-mean value inequality: First write

ue(z) = / u(z — £0)p(¢) L(dC).

If z € Q. and r is small, then since u is subharmonic,

2T . 1 27 .
wletreta= 5 / u(z + reit — e0)p(C) L(dC) dt

> / u(z — eC)p(¢) L(dC)

= uc(2).

21 Jo

To show that u.(z) > u(z), we have

us(z) = / u(z +20)p(C) L(dC)

= /OOO </027r u(z + z-:reit)dt> o(r)rdr

>27u(z)

> <27r /O h go(r)rdr) u(z).

=1

We will finish the proof next time.
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22 Regularization of Subharmonic Functions and L? Esti-
mates for the 0 Operator

22.1 Regularization of subharmonic functions

Let u € SH(Q2) be u # —o0. Let 0 < pcC§°(C) be such that ¢ = 0 for |2| > 1, ¢ is radially
symmetric, and [ ¢ = 1. Define

we=wsoe= [z - QeO L), we) = 50 (5).

and let Q. = {z € Q : dist(z,Q°) > €},
Proposition 22.1. u. € (C*° NSH)(Q:), and us | u as e | 0.

Proof. We have already shown the first statement, and we have shown that u. > 0 for all
e > 0.
We want to check that u. | u as € | 0. As ¢ is radially symmetric, we have

ue(z) = / o(r)r ( /0 Tz +€re”)dt> dr.

increasing with e

We get that lim._,ous € SH(Q2) and is > u. On the other hand, by Fatou’s lemma,

limsup/U(Z +eQ)p(¢) L(dC) < /hmsup u(z +£¢)p(¢) L(dC) < u(z)

e—0 e—0

by the upper semicontinuity of u. So w. | w. O

Remark 22.1. Regularization arguments show the following: if u € SH(2), where u # —o0
and 2 is connected, then

/uAcp L(ds) >0 V0 < ¢ € C5°(92).
Conversely, assume that U € L} () such that

/UAch(dC) > 0.

Then there exists a unique v € SH(2) such that u = U a.e.
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22.2 [’ estimates for the 0 operator

Let © C C be open. Consider the Cauchy-Riemann equation
Ju
0z

Recall thatif f € C*°(Q), there exists some u € C°°(2) solving this equation. We want to

solve the equation with f € LIOC(Q) and get estimates for the solution.

= f.

Definition 22.1. Let f € L? (). We say that u € L} _ is a solution in the weak sense
of the Cauchy-Riemann equation if for all n € C5°(9),

- [woss Lidz) = [ 5 L(az).

Theorem 22.1 (Hérmander!?). Let Q C C be open, and let p € C™(Q) be strictly sub-
harmonic: A >0 in Q. Then, for any f € L% _(Q) such that

/ Pl
gpz,z
there exists a weak solution u € L () to % = [ such that

2
/ |u|2€f<pL |f|

Proof. We shall work in the Hilbert space

(dz) < o0,

)-

L =L*(Q,e %) = {f (1 — C measurable | Hf||L2 :—/|f]e Y L(dz) < oo}

Consider the linear operator T : L?O — Lé given by Tu = % equipped with the domain

D(T):{ueLi:ElfeL?p s.t.f:%weakly: —/u@;ﬁz/fﬁV,BGCgo(Q)}.

Then D(T) is dense in Li, and Tu = f.
We have the adjoint 7™ =: 5; of T

(0.8) 2 = (,0,8)12 Vu e D(T), € CF(Q).

10This result, unlike the other results we have been proving, is fairly recent. It was proven in 1965.
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Compute 5;:

(0m, )12 = / GuBe * L(dz) = - / ud=(Be—*¢) L(dz) = / udlpe L(dz).

eCge

We get that _
0;5 = —€¥0,(Be” %) = —0.8+ (9:¢) .

The idea is that to get a solvability result for 0 acting on L2

(p?
estimate for 8:,. O

we need an a priori

Before we continue with the proof, we need the following proposition:

Proposition 22.2. Let f € L2 (), and let C > 0 be constant. Then there exists a

loc

u € L2 () such that Ou = f and [ |u|?e™? L(dz) < C if and only if

loc

‘ [ 5 v )

<c / TopPe Ldz) VB € CF(9).
Proof. ( = ): We have by Cauchy-Schwarz that

] [ 15 v Lz

_ ’ / BuBe~* L(d>)

= [{u, D8 2] < CY2(DB 12

( <= ): Assume that the bound holds. The linear functional

F(9,8) = / fBe=% L(dz).

is well-defined on 5;0000(9) C L2, and ]F@Zﬁ)\ < 01/2]@;6\\%. So its norm is < C/2.
By the Hahn-Banach theorem, F' extends to all of L?O. So there is a u € Li representing

the linear functional F'. O
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23 Homander’s Theorem for Solving the 9-Equation in One
Variable
23.1 Completion of the proof of Homander’s theorem

We want to solve du = f on Q C C. Last time, we were proving the following observation:

Proposition 23.1. Let f € L2 (), and let C > 0 be constant. Then there exists a

loc

u € L2 () such that Ou = f and [ |u|?e™%? L(dz) < C if and only if

loc

‘j/fﬁe—wl4dz>

< 0/ 0,87 ¢ L(dz) VB e CE(Q).

Proof. ( <= ): Consider the linear map F : 5:;080((2) — C given byF(gz;ﬁ) = [ fBe¢.
Then B B
[F@,8)] < CV2| 8,6l 2

By the Hahn-Banach theorem, F' extends to a linear continuous map on Li with the norm
< C'2. Thus, there exists a u € L?D with ”UHLE(, < C'2 such that F(g) = (g,h);. for all
g € L?p. In particular, if g = 9,8,

/ fBe® = (0,8, u)r2 VB € CF

[ 15 == [uve(e ).

for all 3. So we get that Ou = f weakly. O

We get

We can now complete the proof of Hormander’s theorem.

Theorem 23.1 (Hormander'!). Let Q C C be open, and let o € C®(Q) be strictly sub-
harmonic: Ay > 0 in Q. Then, for any f € L2 _(Q) such that

loc

2
/ |]j,| e ¥ L(dz) < oo,
SDZ,E
there exists a weak solution u € L2 (Q) to % = [ such that

loc
2
lu|?e™% L(dz) < /1 e ¥ L(dz).
Q o ¥l=

1This result, unlike the other results we have been proving, is fairly recent. It was proven in 1965.
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Proof. We need to show that

e

We need a lower bound for H&Zﬁ”%z :
©

In general, let H be a Hilbert space, and let T' € L(H, H). Then

2
< ClO,Bl7, VB e CE.

|IT*2|* > | T*x||* = | Tz|]* = (T*x, T*x) — (Tx, Tx)
=(TT"z,z) — (T"Tz,x)
= ([T, Tz, z),
where [T,T*| = TT* — T*T is the commutator of T, T*. In our case, H = Lfo, T = 0, and

T =9 = —

o 0, + 0,¢. So The commutator is

I 0
0,05] = [0, 0 + 0] = [5:0] + [, 0¢).
Compute for g € C§°:

[0, 00]8 = 0(0p83) — 0B = (90¢) B.
~——

Ap/4>0
We get that
e 1 B i,
18,813 > ; [ AvlsPe VB e CR@.

It follows by Cuachy-Schwarz in Li that
2 - IfI? - 2 -
/fﬂe“"ﬁ/Ae“" /A(p\me‘p.
¥

S4II5;ﬁll2ng
Finally, we get that there exists some u € Li such that Ju = f and

ul2, <4 ﬁe—% O
L<P — AQO

Remark 23.1. 5;080(9) C L2%: we obtain u € 5;05’0((2) such that if & € ker(9) N L2 (i.e.
h is holomorphic), then

0= (Bh,B) = (h,0,B)2 VB € CF.

So u L ker(9) N Li. Thus, we have found a solution of du = f of minimal norm in L?D.
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23.2 Weakening the assumptions of Hormander’s theorem

Assume that ¢ € C*°(Q) is just subharmonic: Ay > 0. Apply Hérmander’s theorem to
Y(2) = p(2) + alog(l + |2|%), a>0.

We can estimate (setting r = |z|):

4

A'IZJ(Z) Z a Alog(l + |Z|2) = m

=(02+10,)(log(1472)))

We get that Ou = f has a solution u € L2 _ such that

loc
a /Q e ?(1 + |22) < / FPe?(1 + |22

for all subharmonic ¢ € C*°.
It turns out that the same estimate is valid for any subharmonic function, not just ones
in C*°.

Theorem 23.2. Let Q C C be open and connected, and let ¢ € SH(Q) with ¢ # —oco. Let
a > 0, and assume that f € L1200 s such that

/m%—m 2P < o
Then there exists a u solving Ou = f such that
o [ PPy < [ PR
We will prove this next time.

Remark 23.2. Let f € L2 (). Then there is a u € L2 () solving du = f: there exists

loc loc

a p € C(Q2) NSH(Q) such that f € L*(Q,e?) (that is, [|f|?e™% < oo: for  # C, take
po(z) = —log(dist(z, ©2%)),

which is subharmonic in @ with the property that ¢g(z) — oo as z — 9. Composing g
with a suitable convex increasing function, we get ¢ such that the bound holds.
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24 General Hormander’s Theorem and Application to In-
terpolation by Holomorphic Functions

24.1 Hormander’s theorem for arbitrary subharmonic functions

Theorem 24.1. Let Q C C be open and connected, and let ¢ € SH(Q) with ¢ # —oco. Let
a >0, and assume that f € L? s such that

loc
/|f;26—w<1 122 < oo
Then there exists a u solving Ou = f such that
o [ luPe st oo < [1fPe s o

Proof. This estimate has been proved if ¢ € C*°. In general, let {2; C €2 be open, relatively
compact, and increasing to €2, and let p; € C°°(£2;) N SH(£;) such that ¢; | ¢. Then

/ [fPe# (14 2% < / [fPe L+ [z <C V)
Q Q
We get that there exists some u; solving duj = f in Q; such that
/ uPe (L + 2 <0, j=1,2,....
Q;
Let j be fixed, and consider (u;)32, on €
[Py s [ ke <
Qe Q;
So (u;)52), is bounded in L2(Qy,, e~ %),

Extracting a weakly convergent subsequence and using a diagonal argument, we get a
subsequence (uj,) and u € L% () such that uj, — u weakly in L2(Q, e~ %x) for all k.
Then du = f in Q: for any B € C§°(2), Juj,B— [ufB, so du;, = f on Qy for large v.
We have — [u;,08 = [ f8 and thus du = f on Q.

To get the bound for u, recall that if H is a Hilbert space and x; — x weakly in H,
then ||z|| < liminf; ||z;||. We get that for any k,

a/ uf2e=# (1 4 |2[2)~ <liminf/ g, 264 (1 + %)
Qk V—00 Q

k
< [ 1sPee s
Q
Let kK — oo and use the monotone convergence theorem to get

/IU\ze“’(lJr\ZIQ)“S/ [fPe™?(1+ |2)*. [
Q Q

67



24.2 Application: Interpolation by holomorphic functions
Here is an application of Hérmander’s theorem.

Proposition 24.1. Let (b)) _ . be a bounded sequence in C. There exists an h € Hol(C)
with suitable growth properties such that h(k) = by for every k € Z.

Proof. Let us first find a C*° solution: let ¢ € C5°(C) be such that

1 <14
w('z)_{o 2| > 1/3.

Then g(z) = > ez k(2 — k) is locally finite and solves the problem. We have g €
(C*°NL>®)(C). Try to construct h € Hol(C) in the form h = g—u, where 0 = 0h = dg—0u.
The function h will only satisfy the equation in the weak sense, but by Weyl’s lemma
(proved on homework last quarter), this will give h € Hol(C) since h € C*°.

We will also need u|z = 0. Solve u = dg. If we can solve this equation, then since
dg € C*, we get that u € C°°(C) by Weyl’s lemma. By Hérmander’s theorem for any
¢ € SH(C), there is a solution u such that

o [luPe sy < [ Blee 1 o < .
Idea (due to Bombieri'?): choose ¢ such that |z = —o0o and e~? ¢ L' near z = k for all
k, while the right hand side is finite. This will imply that u(k) = 0 for all k € Z. Try:
©(2) = 2log | sin(7z)| + log(1 + |z]?).

Then 1
e ¥~ [Pz ¢ L' near z =k

|z —
Also take a = 2. Check that the right hand side equals

_ 1 1
2
L .
/\ag| (11 o T %)

Since dg = > b,0v(z — k), 1/|sin(72)]| is bounded on the support of dg.
We get that h = g — u, which is a holoorphic solution of h(k) = by such that

1
/| |Sln 7r,2')\2 (14 |2|?)3 < oo

Since g € L, we also get

1 1
h|?— < 0. OJ
/| oo | TSR (11 22

2This idea came some time after Hérmander’s theorem. It was originally for the several complex variable
case, but we can use it in this case with no issue.
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24.3 Plurisubharmonic functions

We want to prove L? estimates for the 0 problem in the case of several complex variables.
We need to first say what the analogue of a subharmonic function is.

Definition 24.1. Let Q& C C" be open. A function u : Q@ — [—00,00) is called plurisub-
harmonic if

1. w is upper semicontinuous

2. for all z € Q and w € C", the function 7 — u(z + Tw) is subharmonic where it is
defined.

69



25 Plurisubharmonic Functions and the 0 Problem in Sev-
eral Complex Variables

25.1 Properties of plurisubharmonic functions

Let Q C C™ be open. Last time, we said that u : Q — [—00, 00) is plurisubharmonic if
1. u is upper semicontinuous
2. foral z€ Qand w e C, C> 7 — u(z+ 7w) is subharmonic.

Example 25.1. Let f € Hol(2) for an open Q C C". Then log|f| and |f|* are plirisub-
harmonic for a > 0.

Proposition 25.1. Let u € C?(QQ) be real. Then u is plurisubharmonic if and only if for
any z € Q and w € C",

> 0.
Z az]yk ijk

Proof. We have that u is plurisubharmonic iff A, (u(z + 7w)) > 0:

Or(u(z + Tw)) Zaz Z 4+ Tw)w

O7(0- (u(z + Tw)) :Z (z + Tw)w;wy > 0. O

8Zk

Remark 25.1. The Hermitian form £,(w) = ugz@ -w > 0 is called the Levi form of u.
Plurisubharmonic functions have the following properties:

Proposition 25.2. If Q C C" is connected and u Z —oco is plurisubharmonic in ), then

Proof. Use the same argument as for subharmonic functions, using the sub-mean value
property. If n =2, let D = Dy x Dy C C? be a polydisc with D; = D(z?, ;). Then

// u(z1, 2z2) L(d(z1, 22)) > / u(z1, 29) dm > m(D)u(2}, 29). O
D D

Proposition 25.3 (Regularization of plurisubharmonic functions). Let 0 < ¢ € C5°(C")
be such that [ =1 and ¢ depends only on |z1|,...,|zn|. Then u. = u* @, € C>° NPSH,
where ¢.(2) = 2=p(2/¢), and uz | u as e | 0.

€2n
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25.2 L’ estimates for the J-operator for several complex variables

Let © C C" be open. We will study Ou = f, where u € leoc and f is a 1-form: f =
ij dfj.lg Then
Of; _ 9%k

If =0 «— = =
f 6§k 8Zj

Vi, k, f; € LY,

in the weak sense.
We will develop a Hilbert space approach to this problem. Let H; = L?(£2,e~%1), where
w1 € C(Q) is real. Let

Hy =Ly (e ) ={f =) fidz: f; e 2(Qe ™)), fIP =) 1l

Jj=1

where 3 € C*°(Q). Consider the densely defined operator T : H; — Ho sending u — Ou,
where

_ = _ ou
D(T) = {u € L*(Q,e %) | du € L%O’I)(Q,e 22y 3f; € L*(Q,e%?) s.t. 87@ = f; weakly}.
Definition 25.1. Let Hy, Hy be Hilbert spaces. A linear map 1T : H; — Hy with domain
D(T) is closed if the graph of T, G(T') = {x,Tz) : x € D(T)} C Hy x H> is closed.

In other words, if =, € D(T) is such that x,, - « € H; and Tz, — y, then x € D(T),
and y = Tz.

We have that T = 0 : L?(Q,e %) — L%O 1)(9, e~ %?) is closed. We have that Ran(7") C

F={fc¢ L%0,1)(Q’ e~%2) : 0f = 0 weakly} C Hy, a closed subspace. We will try to show
that Ran(T") = F for suitable o1, ¢2. Introduce the adjoint of 7™

Definition 25.2. Let T': H; — Hs be linear and densely defined. We define the adjoint
T* : Hy — H; as follows:

D(T*) ={v € Hy:3f € Hy st. (Tu,v)py, = (u, f) g, Yu € D(T)}.
We let T*c = f (D(T) is dense, so f is unique).
Remark 25.2. Like T itself, the adjoint may be unbounded.
Proposition 25.4. The adjoint satisfies the following property:
1. If T is closed and densely defined, then T™* is closed and densely defined.

2. T =T.

13This is sometimes called a (0, 1)-form, as it has no z; differentials.
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Example 25.2. Let H; = L%(Q,e %), Hy = (0 1)((2 e=%2). and T = 0. Then

D@)={ve L(01 (Q,e7 %) :Vu e DD Z/ azjﬁj e P2 L(dz) = /Qufe_% L(dz)
for some f € L*(Q, e %1)}.

By integration by parts, Cgo(o 1)(Q) C D@). Ifv e D@, we get taking u € C§° that

_ a7 _ n 1 . .
f=0v=-37"_ €70, (e ?v;), where these are weak derivatives.

We have a closed T': H] — Hy where Ran(T') C F' C Hy is closed. Next time, we will
show the following.

Lemma 25.1. Ran(T) = F if and only if there exists C > 0 such that || f| g, < C|T* |l o,
for all f € FND(T*).
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26 L’ Estimates for The 0 Operator in Several Complex
Variables (cont.)

26.1 Conditions for an operator to be surjective

We have an operator T : L?(Q,e %) — L%O 1)(9,6*902), acting as 0, where Q C C" is
open and ¢1,p2 € C(Q) are real weights to be chosen. Also Ran(7) C F = {f €

L%o,l)(Q e=%2): 0f = 0}.

Lemma 26.1. Let T : Hy — Hy be linear, closed, and densely defined with Ran(T') C F,
where F' is a closed subspace of Hy. Then Ran(T') = F' if and only if there is a C' > 0 such
that || F||lgy, < C\T*f|l gy for all f € F'nD(T*).

Proof. ( = ): Consider the map T : D(T) — F, which are Banach spaces if D(T) is
equipped with the graph norm |[[ul| p(r) := [|u|| + ||T'u||. T is continuous and surjective, so
T is open by the open mapping theorem. Then T'({u : [|ullp¢ry < 1}) 2 {f € F : ||f|| < ¢}
for some € > 0. We get that there is a C' > 0 such that for all g € F, there is a u € D(T)
such that Tu = f and ||u||z, < C|lg||z,- When f € D(T*)NF,

Dy | = 1 Ty, | = (T Fyu) | < CIT fll, |9l 722

We get that [|£]l, < 1" fll,.

( <= ): Assume that the bound holds for all f € FND(T*). We have Ran(T) C F. Let
g € F. We claim that the antilinear map L(T™ f) = (f, g) g, (for f € D(T™)) is well-defined
and satisfies |L(T"f)| < Cl|gl|m T f| -

We can write f = fi + fo, where fi € F, and fo € F* for any f € D(T*). Now
(f2,Tu) = 0 for any u € D(T), so fo € D(T*); in particular, T* fo = 0. So fi € FND(T%),
and we get

IL(T* )| = (g, fr) < Cllgllm N T | 11, -
——
—T+f
So we get the claim.

We get that the map L extends by continuity to Ran(7*) C H;. So there is a u €
Ran(T™) such that L(T* f) = (u,T* f) g, for all f € D(T*). On the other hand, L(T*f) :
(9, f) 1, 80 we get (T" f,u) = (f,g) for all f € D(T*). This implies that u € D((T*)*) =
D(T) and Tu = g. We also get that

[ullz, = LI < Cliglm,- O

26.2 Hormander’s idea and the density lemma

In our setting Hy; = L?(Q,e %), Hy = L%O’l)(ﬂ,e’SOQ), T=0,and F={f € Hy:0f =0}.
So we want to show that

[l <CNT*flle,  f € F0DTY).
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Introduce the space of 2-forms

Hy = L{, 5 (Qe%) = F = Fjpdzj Ndzy : Fji € (2,792,
j?k

and consider the closed, densely defined operator S : Hy — Hg which sends f — of =
> 0fiNdzp =354 g—%dék A dZp. We have F' = ker(S). Rather than trying to prove the
bound, we shall try to prove

111, < CUT fllz, + IS£IlE,),  YF € D(T") N D(S).

This looks stronger, but it has symmetry properties we can exploit.
The idea, due to Héormander, is to choose the weights ¢1, 2, 3 so that the 1-forms with
coefficients in C§°(£2) are dense with respect to the graph norm f — || flla, + |7 f|l o, +

1551 -

Lemma 26.2 (Density lemma). Let (1,) be a sequence in C§°(2) such that 0 < n, <1
and such that for any compact K C Q, n, =1 on K for all large v. Assume that

e a2 < Ce™?, Vi =12

Then Cg 1)((2) is dense in D(T*) N D(S) with respect to the graph norm.

Remark 26.1. If Q = C”, we can take 7, (z) = n(z/v) for some function n which is 1 near
0. Then we can take ¢1 = 3 = 3.

Proof. Step 1: Suppose f € D(T*) N D(S) has compact support. Approximate by f * 1.,
where .(2) = e 2")(z/¢) and ¢ € C§°.

Step 2: Given f € D(T*) N D(S), consider 7, f € D(T*) N D(S). Then S(n;f) = Sf
in Hs. Then

L2
S(nif) = n;Sf+ [S.n;] = Sf
~— =
Lés =(n;) f
by dominated convergence. O

We will review this last point in more detail next time.
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27 L’-Estimates for the 0-Operator: The Density Lemma

27.1 The density lemma

In solving our O problem, we have
_ T _ s _
L} (Q,e %) = L%OJ)(Q,e ) = L?OQ)(Q,e #3).
We want to show that
1 fllgz < CUT* fIZ, +UISFI2,),  VF € DT*)N D(S).
We had the following lemma:

Lemma 27.1 (Density lemma). Let (1,) be a sequence in C§°(2) such that 0 < n, <1
and such that for any compact K C Q, n, =1 on K for all large v. Assume that

e o, < Ce¥i, Wi j=1,2.

Then C3g 1)(Q) is dense in D(T*) N D(S) with respect to the graph norm.

Proof. Step 1: Suppose f € D(T*) N D(S) has compact support. Approximate by f * 1.,
where 1. (z) = e 2" (z/e) and ¥ € C5°.
Step 2: Let f € D(T*) N D(S). We claim that n;f € D(T*) N D(S). To show that
nif € D(S), _ _ _
Onif)=mn; OF +0n; N [.
~ =
€L2¢3 EL%?,
——
€L,

To show that n; f € D(T™), consider for v € D(T),
(Tu,njf),, = niTu, f),,

Observe that n;Tu = n;0u = d(nju) — udn;, where n;u € D(T).

— (L)1), ~ [ @0 f)e
= (u,an*f>SO1 — <u, ef1—¥2 <577,f>>§01 .

So B
T*(n;f) = niT*f — e~ #1792 (O, f) -

We now check that n;f — f in the graph norm.

1. njf— fin LZ,2: This follows by the dominated convergence theorem.
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2. S(njf) = Sfin Ly,: We have

S(nif) =0 f) = UKD + On; A f

2 .
€L, —0in L2,
—Sf in L?p3

So we get that
[P 0
N——
<e—¥2

by the dominated convergence theorem.
3. T*(njf) = T*fin Lél is similar. O

27.2 Applying the lemma
Now let 1 € C*°(Q2) be given by the locally finite sum

oo
eV =1+ Z |On, 2.

v=1

Let ¢; = ¢+ (j —3)y for j =1,2,3 (¢ is to be chosen). With this choice of weights, we
can satisfy the hypotheses of the density lemma.
We will now study our estimate

I£12, < CUT* fllg, + 1SFI2,).  fe€C.

Recall the formula for T™:
oo o0
T*f = —e#? Z 8., (fje™?2) = —eP Z 9:, (f;e¥™%).
j=1 j=1
Then

ewT*f = — Z5jfj — Z fjazj¢, 6]' = aZj - azj'<)0~

Here, —; is the adjoint of 05, in L(QP.
Consider

A N
Then, using Cauchy-Schwarz or the triangle inequality,

HZ 5jfjHi = |e’T*f + (f,00) |2
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<o fI2, 2 / (£, 0) 2%

Compute ||Sf\|§,sz

So

ofy  of;|

8§j 0Zy,
) Z 010\ -,
0z 0%

Add ||Sf H?DS to both sides of the inequality. We get the following estimate:

e ¥

:2%;/

3fk

IS0t~ 30 st i), <2012, 42 [ 00 471,
7.k

The main point of the argument is that

(0515, 0k fi), — <65kfj>8?jfk><p == (02,0, f5, fr), + <5zj&zkfj>fk’>@
= ([0, 0, i fi),, -
The commutator equals
0%

[8'31' - azj907afk] = OZ]aZk

So the lower bound becomes

2
where 82 5%1« is the Levi form of ¢(f). Now we can choose ¢ to be plurisubharmonic.
We will conclude our discussion next time.
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28 L’-Estimates for the 0-Operator

28.1 Solution of the 0 problem
Recall that

Z / 87,071 Jfke“"L(dZ)§2/yf\2|a¢|2e—%0+2||T*fy A+ ISFIR,,

where f € Cg‘%o 1)(9), Q2 C C"is open, 1 = ¢ — 21, and @3 = . Assume that p € C*°(Q)

is strictly plurisubharmonic: there exists 0 < ¢(z) € C(€2) such that
n 2
Z 83<,0ijk > c(2)|w|?, zeQuweCn.
k

First consider the simplest case, 2 = C". We can then take ¥ = 0, and it follows that
[elsPes < ITfE ISl £ € CRlon (@)

Recall that T = 0 : L?*(C" e %) — L%O 1)((3”,6_”) and S = 0 : L%O 1)(((:”,6_“9) —
(0 2)(((: e~ %) are closed and densely defined with natural domains, By the density lemma,

this inequality extends to all f € D(T™*) N D(S).
Theorem 28.1. Let p € C*°(C") be strictly plurisubharmonic with

0. > 2 n .
P aka]wk > c(2)|w|*, 0<ceC(C)

J.k=1

Then for all g € L(o 1)(((:",6_“’) with g = 0 and [|g|?/ce™? < oo, there exists some
u € L*(C", e~ %) such that Ou = g and

2
/\u|2e‘f’ < /’m
B c

Proof. We must solve the equation T'u = g so that the above conclusion holds. Note that

Tu=g < Vf € D(T*),(Tu, f), = (g, f)  (D(T") is dense)
= (u,T"f), = (9, f), Vf € D(T") (T is closed).

We claim that
g2 _\"?
wnp < imsl ([Ehe) T re b

78



Indeed, if f is orthogonal to ker(S) > g, then the left hand side equals 0. Also, ran(7") C
ker(S), so if (f,Tu), = 0 for all u € D(T), then f € D(T*) and T f = 0; so the right
hand side equals 0. If f € D(Tx) Nker(S), we get (by Cauchy-Schwarz) that

2

., =| [ @ Ty

< (/c\fPe_“") /‘gfe_“"
2
<firsi [ e,

The claim follows, and the antilinear form T*f +— (g, f>(p for f € D(T*) extends to a

1/2
continuous linear form on L?(C",e~¥) with norm < (f @6_9") .
So there exists some u € L*(C", %) with ||u|2 < [ @e“ﬂ and (g, f), = (u, T*f) for
all f € D(T*). Sou e D(T), and Tu = g. O
28.2 [Extensions

Arguing as in the 1 dimensional case, replacing ¢ by ¢ + 2log(1 + |2|?) (the latter term is
strictly plurisubharmonic on C™) and regularizing ¢, we get the following result:

Theorem 28.2. Let ¢ € PSH(C") with ¢ # —oo. For all g € L%Oyl)(C”,e_s") such that
g =0, there exists a u € L2 _(C", e~%) such that Ou = g and

loc
2 / e (14 |22) % < / g2

Remark 28.1. There exist analogous results when C” is replaced by an open set 2 C C",
provided that €2 is pseudoconvex: there exists u € C(2)NPSH() such that for all t € R,
the set {z € Q: u(z) < t} is relatively compact in Q. (Notice that any open set 2 C C is
pseudoconvex.)
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